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Square cylinders, along with circular cylinders, are very commonly used in 
civil engineering constructions and industrial applications. However, when compared 
with the wake of a circular cylinder that has been extensively studied, a square 
cylinder’s wake is somewhat less thoroughly investigated, and unresolved problems 
remain.  
The present research on the flow past a square cylinder at moderate Reynolds 
numbers consists of three main parts. They are (1) hot film anemometry 
measurements, which identified the critical Reynolds numbers as well as certain 
wake’s characteristics. (2) The flow visualization of the structures of secondary 
vortices. (3) PIV measurements of the secondary vortices.  
The hot film anemometry measurements on the S-Re relation identified the 
critical Reynolds numbers for the wake of square cylinder at different angles of attack. 
The critical Reynolds numbers (Rec1 and Rec2) mark the inception of mode A and 
mode B instabilities and correspond to the points of discontinuity in the S-Re curves.  
Besides the existence of two discontinuities in the S-Re curves, the spectra and time 
traces of the wake streamwise velocity component were observed to exhibit three 
distinct patterns in different flow regimes. 
The existences of mode A and mode B instabilities at three different angles of 
attack were identified by flow visualization and PIV measurements. Streamwise 
vortices with different spanwise wavelength at various Reynolds numbers were 
observed, with the wavelength in the mode A regime being the larger of the two. The 
symmetries and evolution of the secondary vortices at α=0° were explored by using 
Laser-Induced-Fluorescent dye. It was found that just like the case of circular cylinder, 
the secondary vortices from the top and bottom rows of primary vortices are out-of-
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phase with each other in the mode A regime, but in-phase with each other in the mode 
B regime. Also, from the flow visualization, it was qualitatively proven that there is 
stronger interaction between braid regions in the mode B regime.  
  Analysis of PIV measurements indicates a stronger cross flow in mode B 
regime when compared to the mode A regime. It suggests that the in-phase symmetry 
of the mode B instability is the result of interaction between the top and bottom vortex 
rows. It also observed that although the intensity of secondary vortices (peak value of 
vorticity) is smaller in mode A regime, its strength (circulation of vortex) is more than 
twice of that of mode B instability. Compared to primary vortices, the strength of both 
mode A and mode B streamwise vortices is much smaller which indicates that the 
secondary vortices may be part of the primary vortices and originated from them. 
Similar findings had already been reported for the circular cylinder wake in the 
literature (Wu et. al. (1994b)).  
From the present investigation, mode A instability is likely due to the joint-
effects of the deformation of primary vortex cores and the stretching of vortex sheets 
in the braid region. On the other hand, mode B instability was thought to originate 
from the shear layers. Further work (both experimental and DNS) is needed before 
more detail information can be made available. 
 
   






a Inter-vortex spacing in one row 
b Distance between vortex rows 
Cpb The coefficient of base pressure 
D The diameter of circular cylinder or the projected width of a square cylinder 
D’ The side length of a square cylinder 
f Shedding frequency 
I Light intensity 
k Critical number for rejecting vector in PIV processing 
K The circulation of vorticity (dimensional) 
L Length of cylinder; Length between the leading edges of endplates 
m The pixel number of interrogation area along the X direction 
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1.1 Background  
The wake of a cylinder, placed in a uniform flow perpendicular to its axis, is a 
classic problem in bluff body aerodynamics. It also has direct engineering relevance to 
the design of many civil engineering structures such as tall buildings, bridges etc. If 
these structures are not designed properly, resonant vibration induced by the wake 
(vortex shedding) can take place and may even lead to structural failure.  
A circular cylinder is a canonical geometry for the study of bluff body wake. 
There are a large number of literatures related to the wake of or vortex shedding from a 
circular cylinder. However it is only fairly recently that the transition process which 
involves a few different 3-D modes of a circular cylinder wake is studied 
systematically. On the other hand, engineering applications involve flow around all 
kinds of bluff bodies with different shapes. Among them, a square cylinder is another 
canonical geometry. The study of square cylinder wake transition will give us another 
perspective of the physics of the flow.   
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1.2 Literature Review 
   It is well known that the first instability or the onset of instability of a circular 
cylinder’s wake occurs at a Reynolds number (Re, based on free stream velocity and 
cylinder’s diameter) of around 47. Above that Reynolds number, the wake becomes 
time-dependent, which is characterized by two rows of oppositely signed vortices, 
known as the von Karman vortex street. This 2-D wake is itself unstable to three-
dimensional disturbances at even fairly low Reynolds number.  
 
1.2.1 Experimental works on circular cylinder wake transition 
Roshko is one of the first to address the three-dimensional transition of a 
circular cylinder wake. Roshko (1954) identified three distinct flow regimes as the 
Reynolds number is increased from 40 to 10,000: a stable regime for 49<Re<150, a 
transition regime for 150<Re<300, and an irregular regime at higher Reynolds number. 
The flow was observed to become three dimensional in the transition regime. Some 
three-dimensional features of the flow at low Reynolds number were originally 
discovered as a spanwise waviness of the primary vortices from the flow visualization 
work of Hama (1957), performed in the Reynolds number range of 80-313. The 
growth of the waviness into “fingers of dye” by Gerrard (1978), and measurements by 
Grant (1958) and Bloor (1964) indicated the presence of pairs of counter-rotating 
streamwise vortices in the near wake region. 
 Due to the careful and systematic work by Williamson, it is further established 
that the circular cylinder wake transition regime involves two modes of small-scale 
three-dimensional instability: The so-called modes “A” and “B” occur in different 
Reynolds number range. Williamson (1988b, 1996b) proposed that the transition to 
three-dimensionality in the wake of circular cylinder could conveniently be described 
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with reference to two discontinuities in the S-Re relation curve (See Figure 1.2.1). At 
the first discontinuity, the Strouhal number drops from the laminar curve to one 
corresponding to a mode A three-dimensional shedding; this discontinuity is 
hysteretic. As Re is increased, there is a further less sharp discontinuity in Strouhal 
number, indicating the mode B instability. This discontinuity is not hysteretic, and 
instead involves a gradual transfer of energy from mode A to mode B as Re increases.  
Williamson (1996a, 1996b) pointed out that these two modes are quite distinct 
in spanwise length scale and in spatial symmetry, and are found to scale on different 
physical features of the flow. Mode A instability has a spanwise wavelength of about 
three to four cylinder diameters. A close inspection of the vortical structure of mode A 
reveals that it is characterized by the formation of vortex loops that connect adjacent 
spanwise Karman vortices and these adjacent loops along the streamwise direction are 
out of phase (the self-sustained vortex loops can be seen in Figure 1.2.2). On the other 
hand, mode B is characterized by a shorter spanwise wavelength of about one cylinder 
diameter and has in-phase streamwise vortex pattern. Mode A is clearly evident in the 
range 190<Re<240. At higher Reynolds number, around and above Re=240, mode B is 
observed. At the end of transition regime of mode A, at Re≈260, there appears to be a 
resonance condition, corresponding to a local maximum in the base suction and 
Reynolds stresses. Williamson suggested that this resonance is caused by an 
interaction coincidence between two wave frequencies in the near wake, namely the 
separating shear layer frequency and the bluff body wake frequency.  Above this 
Reynolds number, only mode B can be detected. Williamson (1996b) also pointed out 
that the energy transfer between these two modes does not imply coexistence of the 
two modes, but due to an intermittent swapping between the lower and the higher 
frequency modes. The flow visualization of the two different instability modes is 
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shown in Figure1.2.3, taken from Williamson (1996b), which reports on an 
investigation conducted in a water tunnel.  
         The existence of these two transition modes has been confirmed by other 
experiments for the case of the circular cylinder wake (Bays-Muchmore and Ahmed 
(1993), Williams et al (1995), Wu et al (1994a, 1994b, 1996a, 1996b, 1996c) and 
Brede et al (1996) etc.). Brede et al (1996) used PIV to obtain the quantitative details 
of the two different three dimensional instability modes. They also measured the 
strength of the resulting three-dimensional streamwise vortical structures in terms of 
their circulation and monitored their evolution along the streamwise direction at 
several Reynolds numbers.  They found λZ/D=4.5 for mode A, λZ/D=1 for mode B 
where λZ is the wavelength in the spanwise (Z) direction and D is the diameter of the 
cylinder. They also found that the mode A structure reaches its peak strength at around 
six diameters downstream the cylinder, while for mode B it is much closer to the 
cylinder at around 2 diameters. The higher Reynolds number data show pronounced 
periodicity of the mode B instability although the distance to the cylinder surface is 
very small (0.2D) whereas the data for lower Reynolds number (mode A) show no 
periodicity at all.  The secondary vortex structures from PIV measurements are shown 
in Figure1.2.4. Based on experimental results, Wu et al (1994a) provide a conceptual 
diagram of transitional flow structures, shown in Figure1.2.5.                           
Besides the above-reported, Williamson (1992) demonstrated that the transition 
regime involves massive “spot-like” structures caused by “vortex dislocation” which 
form between spanwise cells of different frequency, when the von Karman vortices in 
each cell move out of phase with each other. He reported a growth of these structures 
to a size of the order of 10-20 primary wavelengths. He suggested that this 
phenomenon is mostly responsible for the frequency fluctuations (large intermittent 
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velocity irregularities) reported by Roshko (1954) and Bloor (1964) to characterize the 
transition regime and the appearance of the turbulence motion. Interestingly, the same 
kind of physical phenomena have been observed in other experimental works 
involving different body shapes, such as Gaster (1969) for slender body configurations 
and Leweke & Provansal (1995) for the wake of a cylinder and of a torus. 
Interestingly, Braza et. al. (2001) detected the large-scale dislocations by using DNS. 
The DNS results show further modification of the primary vortices under the 
dislocations, and the modification is a systematic successive change of the flow 
transition in the low Reynolds number region. By means of wavelet analysis and 
autoregressive signal processing techniques, Braza showed that the vortex dislocations 
create a considerable frequency reduction of the primary vortices. 
 
1.2.2 DNS and Linear Instability Analysis 
The three dimensionalities of the circular cylinder wake transition regime have 
also been observed in DNS of circular cylinder wake (Karnidakis and Triantafyllou 
(1992), Zhang et al (1995), Mittal (1994), Mittal and Balachandar (1995b), Henderson 
(1997) and Thompson et al (1994, 1996)). All of these investigations confirmed the 
existence of mode A and mode B instabilities, and the DNS produced vortical 
structures of mode A and mode B by Thompson et al (1994) are shown in Figure 1.2.6. 
To some extent, DNS can only describe the flow processes in great detail and one must 
still analyze the flow carefully in order to understand the physics of the flow.  On the 
other hand, stability analysis can provide a deeper understanding for the transition 
process of circular cylinder wake.    
As is fairly commonly known, for the transition in boundary layer flow, there 
are two main influences or causes for flow transition (Kachanov 1994): The first one 
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occurs when the background turbulence level is quiet small, but due to some 
receptivity mechanism, the 2-D primary flow becomes unstable to the small 
disturbances and eventually becomes three dimensional. The second type of transition 
occurs when the environmental disturbances are sufficiently large, under such 
circumstance the external perturbations induce intense nonlinear breakdown and lead 
to the by-pass transition. It is known that the same theory also applies to the transition 
in wake flow. 
For the first kind of transition, linear stability can provide a great insight of the 
flow. One of the earliest stability analysis was done by Noack et al (1993) and Noack 
& Eckelmann (1994) using a Galerkin projection to represent the 2-D base flow and 
the three dimensional disturbances. They found that the time-periodic 2-D flow 
becomes unstable to three-dimensional disturbances at a Reynolds number of 170, and 
the spanwise wavelength of the most unstable disturbance is about 1.8 times the 
cylinder diameter. Barkley and Henderson (1996) performed an accurate Floquet 
stability analysis by using a spectral element method employing over 10,000 degrees 
of freedom. The results show that the 2-D base flow becomes unstable to three 
dimensional disturbances at a critical Reynolds number of 188.5 with a spanwise 
wavelength of 3.96 cylinder diameters and another three dimensional instability at a 
higher Reynolds number of 259 with a spanwise wavelength of 0.882 cylinder 
diameter. A detailed introduction to Floquet analysis can be found in the book written 
by Iooss & Joseph (1990). Barkley and Henderson’s results are in excellent agreement 
with the experiment results of Williamson (1996a, 1996b). Posdziech and Grundmann 
(2001) also found the critical Reynolds numbers for the mode A and the mode B 
instabilities are 190.2 and 261, respectively.  
 
                                                         CHAPTER ONE: INTRODUCTION AND LITERAURE REVIEW 
 7
1.2.3 Different Explanations For Circular Cylinder Wake 
Transition  
Although there is some consensus on the circular cylinder wake transition 
process, the mechanism of the transition process remains controversial. Williamson 
(1996a, 1996b), and Leweke and Williamson (1998) proposed that the mode A 
instability with the larger spanwise wavelength is linked to the larger flow structure in 
the wake, i.e. the vortex cores, and is related to the elliptic instability of these cores. 
Mode B instability on the other hand, is due to hyperbolic instability associated with 
the braid region connecting adjacent spanwise vortices. Williamson also pointed out 
that the stretching of the streamwise vortices in the braid region plays an important 
role in both these modes of instability. In contrast, Brede et al (1996), based on their 
PIV measurements, proposed that mode A instability is the result of a centrifugal 
instability of the braid region between the primary vortices, while mode B has its 
origin in the instability of the separated shear layers in the immediate wake of the 
cylinder. Henderson (1997) suggested that it does not make sense to classify the 
instability as an elliptic instability; especially since Floquet analysis seems to indicate 
that the maximum amplification of disturbance occurs between the wake vortices 
rather than in their cores. Nevertheless, as pointed out by Leweke & Williamson 
(1998), the elliptic instability theory is surprisingly good at predicating the wavelength 
of the most unstable mode. From earlier research works, there are some other 
explanations for the transitional mechanism: Wei & Smith (1986) suggested that the 
streamwise vortices in the wake of a cylinder are the results of three-dimensional 
distortion of the Kelvin-Helmholtz (K-H) vortices in the separated shear layer from the 
cylinder. Coutanceau & Defaye (1991) reviewed the flow visualization investigations 
by Gerrard (1978) and Williamson (1988b), and suggested that the streamwise vortices 
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are Taylor vortices, just like those found in the classic case of flow between two 
coaxial rotating cylinders. Hussain (1984) suggested that the high turbulence 
production near the saddle point is primarily due to the ribs (streamwise vortices) 
undergoing stretching. He speculated that the formation of these ribs might involve 
Taylor-Gortler type of instability. Ferre et al (1990) postulated that the increase in 
streamwise vorticity contributes to the generation of fine-scale turbulence by 
transferring large-scale kinetic energy to small-scale turbulent kinetic energy. Yokoi & 
Kamemoto (1992) investigated the three dimensional flow behind a circular cylinder 
using flow visualization techniques. They observed that the distances between 
neighboring streaklines became narrower or wider downstream of the separation line 
indicating the formation of streamwise vortices. They suggested that a three-
dimensional boundary layer separation sets up the streamwise vortices. Wu et al 
(1994a) emphasized that the stretching effects in the saddle region formed by the 
spanwise vortices played a major role in the development of the streamwise vortices. 
At the same time, there is another unanswered question about the period-
doubling phenomenon. Both mode A and mode B instabilities are periodic over one 
shedding period, T, and therefore preserve the T-periodic nature of the base flow. 
Theoretically it is possible to have other three-dimensional modes that are not T 
periodic, but are periodic over multiples of primary shedding period that corresponds 
to a period doubling bifurcation. Karniadakis and Triantafyllou (1992) observed a 
period doubling associated with the streamwise vortex structure at a Reynolds number 
of around 300. They speculated that this period doubling phenomenon would lead to a 
chaotic wake at a Reynolds number around 500. Mittal & Balachandar (1995b) 
observed that mode B three-dimensional structures can undergo spanwise sub-
harmonic instablility leading to a doubling of the period. Thompson et al (1996) 
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performed numerical simulations using two different spanwise width computational 
domains and observed that period doubling occurred for the smaller domain but not for 
the larger one. All of above results are from DNS. The only experimental support for 
periodic doubling is seen in the work of Williams et al. (1995). It showed the peaks at 
one-half and one-third of the primary shedding frequency. However the above-
mentioned stability analysis for the natural wake cannot predict a third kind of 
instability. As will be mentioned later, according to the instability analysis of 
Robichaux (1997) and Robichaux et. al. (1999)  , a third instability, namely mode S 
instability is present in a square cylinder wake. 
 
1.2.4 Influence of Aspect Ratio, End Condition and Other 
Factors  
The reason to address this issue can be traced to its importance and bearing on 
experimental work. Strictly, two-dimensional geometries and two-dimensional flows 
can only exist in computer simulations since all bodies are limited in spanwise extent. 
Above some critical Reynolds number, all bluff body flows generate instabilities with 
some spanwise wavelength. It is suspected that the large scatter in data reported in the 
literature, especially at Reynolds numbers below 104, is due to aspect ratio effects and 
differences in end conditions. Only by carefully manipulating end conditions and 
paying attention to the effects of aspect ratio (to take the presence of three dimensional 
effects into account or to prevent it), one can then compare the experimental results 
and computational results meaningfully. 
It was recognized early that different end conditions had dramatic effects on 
experiments with circular cylinders in cross flow. The use of end plates to reduce 
three-dimensional effects (to shield the cylinder ends from interfering wall boundary 
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layers) becomes fairly common practice after the work of Keefe (1961) and Cowdrey 
(1963). 
The influence of aspect ratio on critical onset Reynolds number (Rec) for vortex 
shedding has been investigated by Mathis et al. (1984), Lee & Budwig (1991) and 
Albarede & Monkewitz (1992). The stability of the wake is greatly enhanced at aspect 
ratios less than about 50, resulting in a rapid increase of Rec with decreasing L/D. At 
larger aspect ratios the stability seems to be more or less unaffected with Rec=47±1. 
Three-dimensionality in the form of non-parallel shedding has been observed at 
Reynolds numbers as low as 50. Tritton (1959, 1971) observed a discontinuity in the 
S-Re relation curve at a Reynolds number around 100, which is interpreted as being 
due to a transition from a high speed to a low speed shedding mode. Gaster (1971) 
observed that vortex shedding from either a slightly non-uniform cylinder or from a 
parallel model in non-uniform flow could occur in such a way that the shedding 
mechanism is regular and periodic within a number of a spanwise cells. There would 
be a jump in frequency from one cell to its neighboring cell. Williamson (1989) and 
Hammache and Gharib (1989) have further shown that the transition described by 
Tritton is due to the transition from one oblique shedding mode to another. By 
modifying the cylinder end conditions, two-dimensional parallel shedding can be 
maintained at higher Reynolds numbers. The ways to modify the cylinder end 
conditions include the use of angled endplates (Williamson, 1988a); coaxial end 
cylinder (Eisenlohr & Eckelmann, 1989); novel control cylinders which are orthogonal 
to the test cylinder (Hammache & Gharib, 1991); and the use of suction tubes from 
downstream (Miller & Williamson, 1994). Williamson (1988a) has further shown that 
one can define a universal S-Re curve for parallel shedding, and the experimental 
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oblique-shedding data (Sθ) can be closely collapsed onto the parallel-shedding curve 
(S) by the transformation. 
S= Sθ/cosθ,       (1.2.1) 
where θ is the angle of oblique shedding. 
The dependence of shedding frequency on the phenomenon of oblique 
shedding could explain some of the significant scatter found in the many 
measurements of Strouhal number and the critical Reynolds number of circular 
cylinder wake transition. The techniques mentioned above involve a slight speeding up 
of the flow near the ends of the cylinder. Albarede & Monkewitz (1992) also suggested 
that it is an increase of the local Reynolds number towards the ends that produces a 
reduction in the shedding angle. This is because the speed-up flow near the cylinder 
ends cause an increase in base suction which prevents flow in the axial direction. 
 Norberg (1994) has conducted some work on the influence of aspect ratio for 
the flow past a circular cylinder. He showed that at aspect ratio larger than about 100 
and under highly uniform upstream conditions, the measured Strouhal number (at 
around mid-span) is independent of the aspect ratio. However, he also mentioned that 
the parallel shedding mode can not be induced at an aspect ratio of above 70 by simply 
increasing the aspect ratio, at least not with the symmetrical circular end plate 
conditions. From Re≈160 to 230, an aspect ratio of the order of 50 is needed to ensure 
the flow around a ‘quasi-infinite’ cylinder. At around Re≈250, an aspect ratio about 
200 was suggested. At higher Reynolds numbers, he gave the following values: For 
250<Re<600, L/D≥100; for 600<Re<4000, L/D≥50 etc. His results are mainly based 
on the measurement of two important quantities: the Strouhal number and the mean 
base suction coefficient, both of which are measured at the mid-span position. He 
suggested that the required aspect ratio would make the flow near the mid-span 
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effectively decoupled from the end effects. On the other hand, Williamson (1989) 
reported that at Re=101, for L/D>28 the shedding frequency in the mid-span was 
unaffected by a variation in L/D; and for L/D>45, the vortex shedding in the central 
span was unaffected by direct influence of the end cells. For higher Reynolds number 
range wake (about above 104), some valuable information can be found in the paper by 
Szepessy and Bearman (1992). In order to avoid the end effects, the wake of ring (a 
circular loop with circular cross-section) was investigated by Leweke & Provansal 
(1995). The experimental result shows the existence of discrete shedding modes, in 
which the wake takes the form of parallel vortex rings or oblique helical vortices, 
depending on initial conditions. By extrapolation, Leweke & Provansal obtained the 
data for circular cylinder wake (a ring with infinite radius), and they found that the 
periodic vortex street becomes unstable at a Reynolds number of 180. Besides the 
factors mentioned above, Brede et al (1994) found that there exist discrete shedding 
modes in low Reynolds number regime. Their results indicated that the shedding 
modes are independent of the end conditions. The experimental results also show that 
the modes are strongly dependent on the geometric parameters, which include the 
shear layer thickness and the aspect ratio. The large range of transition Reynolds 
numbers reported in the literature is most likely attributed to the differences of aspect 
ratio and end conditions.  Finally, an interesting fact is that although Williamson 
(1988b) had found that mode A instability was hysteretic, the hysteretic phenomenon 
became substantial and obvious at special end conditions, such as when suction pipe 
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1.2.5 The Square Cylinder Wake at Low Speed Flow 
With so much interesting results about the circular cylinder wake at low 
Reynolds number, it provides the motivation to investigate the wake of other 
geometries. It is obviously interesting to find out if the wakes of other bluff bodies also 
undergo similar transition process. Investigation of the three dimensional vortical 
structures in the wake of elliptic cylinders was carried out by Mittal and Balachandar 
(1995a), and for a normal flat plate by Najjar and Balachandar (1996, 1998). Both 
works suggested that at modest Reynolds numbers, there exists an instability mode that 
is similar to the mode B instability observed in the wake of a circular cylinder. 
Besides the circular cylinder, a square cylinder is another important canonical 
geometry for research work on bluff body. The study of the square cylinder wake (with 
or without incidence) is very important to the basic understanding of the mechanism of 
bluff body wake transition. Compared with the circular cylinder, a square cylinder is 
even more so as a bluff body as it possesses sharp upstream corners. The main 
difference between them is that while the separation positions on a circular cylinder are 
not fixed but Reynolds number dependent, the flow separation positions on the square 
cylinder are fixed at the upstream corners. 
There are quite a large number of 2-D numerical computation works that look 
into the wake of a square cylinder wake in the literature. Sohankar et al (1997) and 
(1998) provide a brief review on some of the important results. Although there are also 
several papers reporting on experimental findings of a square cylinder wake, most of 
these are at fairly high Reynolds number (above 500). Among these works, Okajima 
(1982) provided some useful data, such as velocity spectrum, S-Re curve etc. Recently, 
Diao (1998) and Ng (2001) obtained some experimental results using the PIV and flow 
visualization techniques, respectively. Ng observed similar instability modes (i.e., 
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modes A and B) in the wake of square cylinder. Recently, Luo et. al. (2003) (accepted 
for publication by Physics of Fluids) confirmed the existence of mode A and mode B 
instabilities in the square cylinder wake experimentally, and found the critical 
Reynolds numbers to be 160 and 200, respectively. Compared to the circular cylinder, 
there are far fewer studies on the square cylinder wake whether via DNS, stability 
analysis or otherwise. Robichaux et al (1999) performed three-dimensional Floquet 
analysis for the square cylinder wake. According to the 2-D base flow computation 
(Robichaux 1997), the flow is perfectly periodic at Reynolds number below 225. The 
Floquet analysis was carried out in the Reynolds number range of 100 to 225. From 
their results, it is observed that the three dimensional transition process for a square 
cylinder is similar to that of a circular cylinder. Most notably, there is a long-
wavelength mode A instability with a wavelength about 5.2 cylinder side-length which 
first becomes unstable at a Reynolds number of about 161. This is followed by a short-
wavelength mode B instability with a wavelength about 1.2 cylinder side-length which 
becomes unstable at a Reynolds number of around 190. Both critical Reynolds 
numbers are lower than the counterparts of a circular cylinder wake. In addition, it was 
shown that there is a third intermediate-wavelength mode (mode S) with a wavelength 
of about 2.8 cylinder side-length. The space-time reconstruction of the three modes is 
shown in Figure1.2.7. Unlike modes A and B, mode S is sub-harmonic with a period 
twice the shedding period of the 2-D base flow. This mode also violates the reflection 
transition symmetry observed in the other two modes and as a result appears with a 
multiplicity of two. Although a third mode for the wake of a circular cylinder was 
observed by Zhang (1995) at a Reynolds number of 170, it must be pointed out this 
third mode only appears in the presence of an interference wire placed close to and 
parallel to the cylinder axis. The mode S and the phenomenon of periodic doubling 
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mentioned above are issues and challenges for verification or support from 
experiments. The DNS investigation of the square cylinder wake at moderate Reynolds 
numbers (Re=150-500) was carried out by Sohankar et al (1999) who employed an 
implicit fractional time-stepping method finite-volume code with second-order 
accuracy in space and time. The simulations, which were carried out with a blockage 
ratio of 5.6%, indicate a transition from 2-D to 3-D shedding flow at Re from 150 to 
200. Both spanwise instability modes, A and B, are present in the wake transitional 
process, similar to the flow around a circular cylinder. However, seemingly in contrast 
to a circular cylinder, the transitional flow around a square cylinder exhibits a 
phenomenon of distinct low-frequency force pulsations (Re=200–300). For 3-D 
simulations, the Strouhal number and the mean drag coefficient are in general 
agreement with existing experiments (Okajima, 1982). Between Re=300 and 500, an 
increase in the spanwise coupling of fluctuating forces is indicated. The most recent 
numerical simulation about the wake transition of square cylinder was carried out by 
Saha et. al. (2003). They reported the critical Reynolds numbers for mode A and mode 
B instabilities are 175 and 250, respectively. 
 
 
1.3 Objectives and Scope of Present Investigations 
The above review provides an insight into the present state of knowledge of 
cylinder wake transition. For circular cylinder wakes, there are some controversies on 
the mechanism of transition process from mode A to mode B. For square cylinder 
wakes, there are far fewer experimental data available for low Reynolds number flow. 
This provides the motivations for the author to study in detail low Reynolds number 
flow past a square cylinder. The main objectives of the present study are to contribute 
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to the understanding of the flow around a square cylinder in the low Reynolds regimes, 
especially the transition process that takes place in the wake of a square cylinder. 
In the present work, three kinds of measurements were implemented which 
were used to address different aspects of the transition process in the wake of a square 
cylinder. They are hot film anemometry, flow visualization and particle image 
velocimetry (PIV). Among them, hot film anemometry was used to identify the critical 
Reynolds numbers of different instability modes, and the characteristics of each flow 
regime. At the same time, flow visualization technique provides an overall insight into 
the secondary instabilities, from which the symmetries and structures of different 
instability modes could be displayed.  By utilizing PIV technique, quantitative data, 
such as the intensity and strength of vortices and wavelength of secondary vortices etc. 
were measured which provides the hints of how the transition process happened. 
 
 
1.4 Organization of the Thesis 
 The thesis is divided into seven chapters, which are outlined below. 
 In chapter one, a brief review on flow past cylinder at moderate Reynolds 
numbers was carried out. The objective and scope of the current investigation was 
described.  
 In chapter two, the experimental set-ups and techniques used for the present 
research were described.  
 In chapter three, the results of measurements on the wake of a circular cylinder 
were presented. The effects of end plates inclination angle were explored, and an 
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optimum angle was identified. With such optimum end plates angle, three different 
flow regimes were identified by hot film anemometer measurements. 
 In chapter four, the transition process in the wake of a square cylinder was 
investigated with the aid of hot film anemometer measurements. Studies on both the 
effects of end conditions and the effects of the square cylinder’s angle of attack were 
carried out. The characteristics of the wake of a square cylinder at two different angles 
of attack were also measured and presented. 
 In chapter five, the three-dimensional structures of the wake of a square 
cylinder and the evolution of the streamwise vortices were investigated by using 
ordinary dye and laser induced fluorescent (LIF) visualization techniques.  
 In chapter six, the wake of a square cylinder at moderate Reynolds numbers 
was studied in details by using the particle image velocimetry (PIV) technique. By 
analyzing the quantitative data obtained from the PIV measurements, the mechanism 
of the transition process was explained. 
 Finally, in chapter seven, the conclusions of the present work were made and 
further recommendations were given.         
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Figure1.2.2 The formation of self-sustaining vortex-loops (Williamson 1996b). 
Note: One may observe the vortex loop marked with a blob in the sequential photographs being 
deformed by the presence of the previous vortex loop.  Thus generating a series of loops at the same 
spanwise location.  Flow is from left to right. 
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       Figure 1.2.3 Mode A (left) and Mode B (right) instabilities (Williamson (1996b)). 
Flow direction is from bottom to top. 
 
 
                              (a)      (b) 
Figure1.2.4 Secondary vortices structures from PIV measurements (Brede et. al. 
(1996)). (a) The spatio-temporal behavior of the streamwise vorticity component ωx: 
mode A at Re=190, L/D=72 (top) and mode B at Re=250, L/D=36 (bottom). (b) 
Schematics of the primary and secondary vortices in the transitional wake for mode A  
(top) and mode B (bottom). 
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Figure1.2.5 Conceptual diagram showing the flow structures, (top) primary vortices, 
(bottom) streamwise vortices embedded in the primary vortex street (cross hatching 





Figure1.2.6 Direct numerical simulation showing the existence of mode A (left) and 
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Figure1.2.7 Space-time reconstruction of streamwise vorticity. From top to bottom, 
mode A, mode B and mode S were shown for square cylinder wake (Robichaux et al 
1999). 
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   Experimental Setup and Techniques 
 
 
2.1 Experiment Set-up 
 In the present investigation, two facilities were used according to different 
purposes. One is a vertical water tunnel and one is a horizontal water channel. Due to 
the ability of small changes in velocity, the vertical water tunnel was chosen for the 
investigation of the transition process in a cylinder wake via hot-film measurements. 
Part of the flow visualizations was also carried out in this tunnel. However, the main 
bulk of the flow visualization and the Particle Image Velocimetry (PIV) measurements 
were carried out in the horizontal water channel for it has a bigger test section and is a 
easier apparatus to use due to its open top and free surface. The detailed descriptions of 
these two facilities are given in the next section.   
 
2.1.1 The Vertical Water Tunnel 
A low re-circulating vertical water tunnel was designed and built by the author 
for the present study on low Reynolds number flow past bluff bodies.  
 Due to space constraint, the water tunnel was designed to operate vertically. 
Since the water flow is driven by gravity rather than pressure generated by pumps, 
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there is no need for a direct physical connection between the water tunnel and pumps. 
The above enables the author to more effectively isolate the test section from vibration 
caused by the pumps, resulting in improved flow quality. The design of the water 
tunnel is based on the principle of low speed wind tunnel design (Rae & Pope 1984). A 
photograph of the water tunnel is shown in Figure 2.1.1. It consists of an inlet 
chamber, a contraction, a test section, a reservoir and a pump system.  
 
1) Inlet chamber 
An inlet chamber is placed upstream of the test section and contraction. A 
screen, three meshes and a honeycomb are installed in the chamber. The honeycomb is 
installed between the screen and the meshes. The usage of meshes/screen and 
honeycomb is to reduce the turbulence level and ensure uniform flow in the test 
section. While the meshes/screen reduce axial more than lateral turbulence and ensure 
a more uniform axial velocity, the honeycomb reduces lateral turbulence in the flow. 
 
2) Contraction 
The function of the contraction is to accelerate the flow and at the same time 
reduce the level of turbulence level in it and allow an uniform flow to prevail. Theories 
on the design of contraction curvature are usually based on potential flow. Due to 
space constraint and to reduce the growth of boundary layer, the contraction length 
should be as short as possible. Here a cubic curvature of the form Y=-1.851×10-
5X3+8.33×10-3X2 (where X is the height of contraction, and Y is the half width of the 
contraction at certain X value) is adopted, and the contraction ratio is 12.25:1. The 
height of the contraction is 300mm. Corners of the contraction are filled with fillets to 
alleviate secondary flow. 
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3) Test section  
The cross section of the test section is 200 mm × 200 mm and it has a length of 
600mm. It is made of transparent Perspex to facilitate PIV and flow visualization 
work. Small fillets are installed at the corners. 
 
4) Pump system and flow meter 
 The pumping system consists of two pumps (LOWRA, model: CEM 370/2). 
One of them pumps water to the inlet water chamber from a 1.4 m × 1.2 m × 1.2 m 
fiberglass reservoir tank located at ground level. The other one is used to pump the 
water from the water tunnel to the reservoir when a high flow rate (larger than 10m3/h) 
is required. The flow rate is measured by a ABB electromagnetic flow meter which is 
installed downstream of the exit pipe connected to the reservoir.   
 At approximately the streamwise location where the cylinder is installed, 
profiles of streamwise velocity and turbulence at different flow rates were measured. It 
was found that within the currently used flow speed range (20mm/s < U0 < 70mm/s), 
away from the boundary region (about 10mm from the wall), the streamwise flow 
velocity is uniform and has a variation of less than 3%, and the streamwise turbulence 
intensity varies within 1%.    
From the above measurements, it is concluded that the quality of the flow in 
the test section of the newly designed vertical tunnel is satisfactory. 
 
2.1.2 The Horizontal Water Channel 
The horizontal water channel is a re-circulating water channel (see Figure 
2.1.2) in the Fluid Mechanics Laboratory of the National University of Singapore.  The 
test section measured 183 cm in length and has a 40 cm by 45 cm cross-section and 
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was entirely fabricated out of plexiglass, thus allowing easy high-quality flow 
visualization from almost any angle.  A variable speed pump was used to drive the 
water through the water tunnel.  Before the water entered the test section, it passed 
through a honeycomb grid and three layers of fine screens with decreasing grid sizes.  
This was to ensure that the turbulence level of the cross flow remained low throughout. 
Within the flow speed range for the current investigation, the turbulence intensity is 
about 1-2% (the lowest flow rate with the highest turbulence intensity).  
 
 
2.2 Experimental Models and Measurement System 
In the present research, three techniques were used for the investigation of the 
transition process of cylinder wake, namely hot-film anemometry, flow visualization 
and particle image velocimetry (PIV). The details of the experimental apparatus and 
techniques used are described below.  
 
2.2.1 Hot-film Measurement 
For hot film measurements, a polished stainless steel circular cylinder with a 
diameter (D) of 4.76mm was used for the measurement of the wake of circular 
cylinder. A polished stainless steel square cylinder with a side-length of 3.15mm was 
used for the research on wake transition processes and another cylinder with a side-
length of 4.73 mm was used for the measurement of cylinder wake characteristics. End 
plates with different inclined angle were installed at the end of cylinders, either to 
investigate the effect of end conditions or to maintain parallel shedding. Since the 
blockage is less than 3%, it is considered as insignificant and no blockage correction 
was applied to the data measured.  
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 A Dantec hot film anemometer linked to a CTA system was used to measure 
the flow field. The data were processed by using a DT translation card, which was 
installed in a PC. HP-VEE software package was used for acquiring and processing of 
data.   
 
2.2.2 Flow Visualization Techniques  
 The cylinders used in flow visualization for cross-stream visualization (to 
observe the von Karman vortex street) were made of aluminum and with a diameter of 
7mm (aspect ratio is near 25). The cylinders are hollow, and two dye ports of 0.5mm 
diameter were positioned at 180° apart, at the mid-span of the cylinder. The dye used 
in present experiment is a mixture of ‘Star-brand’ true blue aqueous dye, water and 
alcohol. The density of the mixture was determined using a hydrometer to be as near 
the density of water as possible. This part of the flow visualization was carried out in 
the vertical water tunnel. 
A hollow aluminum square cylinder with a side length of 7.8mm was used as 
the experimental model for the flow visualization of streamwise vortices. For the 
ejection of dye, a slot with a length of about 250mm was made on the upper surface of 
the cylinder. Endplates that were inclined inwards (toe-in) at 16°-18° were installed in 
order to maintain parallel shedding. Dye was released slowly through the slot and 
washed downstream. Ordinary dye and laser-induced-fluorescence were used to 
demonstrate the vortex structure in the X-Z plane and Y-Z plane, respectively (see 
Figure 2.2.1 for definition of Cartesian coordinates.). This part of the flow 
visualization was carried out in the horizontal water channel.  
Results from the experiments were recorded by a Panasonic AG-7355 
videocassette recorder through a Sony CCD-IRIS color video camera (Model: DXC-
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107P). The flow visualization images are extracted from the video recording by using a 
video capture programmer (Matrox Rainbow Runner). The image characteristic can be 
adjusted or enhanced by using any kind of image processing software (Photoshop etc.) 
to obtain the ideal flow visualization result. 
 
2.2.3 Particle Image Velocimetry (PIV) 
 For PIV measurements, several cylinders were used according to different 
experimental conditions. In the measurements of von Karman vortex street, a square 
cylinder with a side length of 9.5mm was used for the case of α=0° and α=10° while a 
square cylinder with a side length of 4.73mm was used for the case of α=45°. For the 
measurements of secondary vortices in mode A regime, a square cylinder with a side 
length of 4.73mm was used. In mode B regime, a square cylinder with a side length of 
9.5mm was used for the case of α=0° and α=10° while a cylinder with side length of 
7.8mm for α=45°.  For each case, endplates with optimal inclination angles were 
installed to maintain parallel shedding.  
 
2.2.3.1 Background of PIV techniques and Current PIV System 
 Instantaneous two-dimensional flow field can be quantitatively obtained by the 
use of particle image velocimetry (PIV). Before the introduction of PIV measurement 
system used in the present investigation, a brief introduction on the background of PIV 
techniques is first given below. 
In contrast to more traditional techniques like hot-film (wire) anemometry by 
which velocity was obtained indirectly, the principle of PIV is based on the direct 
determination of the two fundamental dimensions of the velocity: length (distance 
traveled) and time. They are determined by capturing and recording the image of 
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illuminated tracers seeded in the flow. The positions of the particles were recorded on 
digital CCD camera each time the light sheet is pulsed. The average displacement of 
the particles within a small interrogation area (also known as the interrogation 
window) between pulses of the light sheet in the image was determined through certain 
data processing method, such as the cross-correlation technique which is the most 
popular one among the available methods. (Note: Before the cross-correlation method 
was widely used, the auto-correlation technique was the popular one. In the earlier 
times, due to the limitations of camera and laser light, it was not quite possible to 
acquire a pair of successive images at very short time interval. As a result, only a 
single-film-double-exposure image can be recorded, and hence only possible for the 
use of the auto-correlation technique. Inherently, this leads to an ambiguity in the 
measurements since it was not possible to tell which of the two was recorded first. The 
above shortcomings, plus the advent of improved camera and laser system, make the 
auto-correlation method obsolete).  Then by knowing the time interval between light 
sheets which is set before measurement, the 2-D flow velocity can be computed. 
Finally the refined velocity field is obtained after the post data processing which is 
designed to remove error information and noise.  
For current investigation, a Dantec PIV2100 processor system with a 
Continuum 200mJ Nd:YaG laser system which is capable of producing 2 × 200mJ 
laser pulses at 10Hz were used. Particles with diameter of 30 and 60 microns were 
used as seeding tracers.  Scattered light from the particles was captured by a Kodak ES 
1.0 Megapixel 8-bit Digital CCD Camera with a CCD array size of 1016 pixels by 
1008 pixels. The camera was placed perpendicularly to the plane of the laser sheet and 
the recorded particle image pairs were transferred to a workstation for post-processing. 
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The time interval between laser pulses and the time interval between recordings were 
set according to different experimental conditions.  
For post-processing, the Dantec FlowManager software was used to derive the 
velocity and vorticity fields. A schematic figure for the PIV system and processing 
procedure is seen in Figure 2.2.2. The detailed process and related mathematical 
background will be described in the next section. 
 
2.2.3.2 Data Processing 
Two sequential image maps are sub sampled. The resolution of the sub 
sampling is defined as an interrogation area and the interrogation areas form a regular 
array. Within these interrogation area samples, an average spatial displacement of 
seeding particles may be obtained from one sample to its counterpart in the second 
image. The parameter used to calculate the cross-correlation function between the two 
images is the rectangular pixels intensity, and for the function of cross-correlation is 
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− −
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∆ ∆ = −∆ −∆∑∑ , (2.2.1) 
 
where m×n is the size of the interrogation area (IA) and 0≤x≤m-1 and 0≤y≤n-1, I1 
represents the light intensity within that particular IA recorded at time t, and I2 
represents the corresponding light intensity of the same IA at time t+δt.  
 A high cross correlation value is observed when many particles match up with 
their corresponding spatially shifted partners (true correlations) and small cross-
correlation peaks are observed when individual particles match with other particles 
(random correlations). Particles that enter or leave the interrogation do not contribute 
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to true correlations, and with other sources of “noise” decrease the overall signal-to-
noise ratio. 
 Nevertheless, when the number of matching pairs is sufficiently large, the highest 
correlation peak can be considered to represent the best match between the two 
respective light intensity functions and the position of the peak in the correlation plane 
can then be considered to be the average spatial shift value for the interrogation area. 
In practice, Fourier transform processing is used to make the computation more 
efficient. For the current investigation, an interrogation area with a size of 32 pixels by 
32 pixels and with 25 percent vertical and horizontal overlapping area was employed 
to yield the raw velocity fields.   
 After the raw vector maps are available, post data processing which is designed 
to remove the error information can be carried out in sequence which consists of 
Validation (moving average methods adopted) and Filtering (moving average filter 
adopted). 
 The step of validation is to remove the so-called “outliers” in the flow vector 
maps, which result from noise peaks in the correlation function. The Moving-Average- 
Validation method validates or rejects vectors based on compassion between 
neighboring vectors. Continuity of the flow field’s behavior is an implicit assumption 
for this method. This method is described by HØst-Madsen & McCluskey (1994). 
Consider the vector at position (x, y), and if the neighborhood’s size is m×n pixels, the 
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= ∑ ∑ .     (2.2.2) 
The vector is rejected if 
( , ) ( , )v x y v x y k− >  ,      (2.2.3) 
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where 
[ ] 22( , ) ( , ) ( , ) ( , ) ( , ) ( , )x x y yv x y v x y v x y v x y v x y v x y − = − + −   , (2.2.4) 
and k is given by equation (2.2.5), the difference ( , ) ( , )v x y v x y−  is calculated in all 
points within the neighboring area and k is given by: 
 
,
max ( , ) ( , )
x y
k v x y v x yα= −  .     (2.2.5)  
In the above α is the acceptance factor, which varies from 0 to 1 (in practice, α=0.01-
0.1 is recommended). 
 If the vector is rejected according to the criteria set by equation (2.2.3), it will 
be substituted by the local average ( , )v x y  given by equation (2.2.2). After validation, 
the filtering process will be implemented. The purpose of applying the Moving-
Average-Filter is essentially to minimize noise when performing mathematical 
derivations such as vorticity since a mathematical derivation will amplify any noise in 
the signal. Finally, the refined velocity vectors were obtained and further processes, 


















           
           






















































Figure 2.1.2 A sketch of the horizontal water channel. 
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Figure 2.2.1 Planes of the laser sheets used in flow visualization and PIV 
measurements and the three principal directions. For α=0°, the origin is at the 
mid-point of the rear side of the square cylinder.  
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Before the results of the transition process of the wake of square cylinder are 
presented, some preliminary results focusing on the circular cylinder wake is briefly 
described in this chapter. Considering the transition process and characteristics of the 
wake of circular cylinder have been extensively investigated in the past ten years or so, 
this chapter will serve two purposes. (1) Independent check on the transition process of 
the wake of a circular cylinder. (2) Check/calibrate the current experimental setup and 
methods.  
 
3.2 End Effects on Transition Process of the Wake of a 
Circular Cylinder  
  Before a serious investigation on the transitional wake can be carried out, the 
effects of end condition should first be resolved. For the case of a circular cylinder 
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wake, by modifying cylinder end conditions, two-dimensional parallel shedding can be 
induced. The methods to modify cylinder end conditions include: use of angled 
endplates (Williamson, 1988a), use of coaxial end cylinder (Stager & Eckelmann, 
1991), use of novel control cylinders which are orthogonal to the test cylinder 
(Hammache & Gharib, 1989, 1991), and use of downstream suction tubes (Miller & 
Williamson, 1994). There is a common feature among the above methods: accelerating 
the flow near the ends of cylinders, thus reducing/eliminating the effects of wall 
boundary layers. The inclined-end-plate method was used for the current research due 
to its simplicity and flexibility.   
A polished stainless steel circular cylinder with a diameter (D) of 4.76mm was 
used. End plates with diameter of 70mm were placed at 170mm apart on the cylinder 
to promote two-dimensional flow. In the present experiment, four different pairs of 
endplates were used in order to find the optimum end plates inclination angle. When 
installed, they are inclined inwards (toe-in) at angles of 0°, 7°, 14° and 22° to the free 
stream. Since we define the aspect ratio as the distance between the leading edges of 
the end plates over the diameter of the cylinder, with the different inclination angles 
mentioned, the aspect ratio in the present investigation varies from 30.7 to 35.7. Since 
the blockage is less than 5%, no blockage correction was applied to the data measured.  
  A Dantec hot film and CTA system were used in the experiments. The hot film 
was positioned outside the separating shear layers in the near wake region (Y/D≈1.5 
and X/D≈2), and very close to the middle span (i.e. Z/D≈0) of the cylinder. (Note: The 
three principal directions are such that X is in the flow direction, Z is along the 
cylinder axis and XYZ form a right handed orthogonal coordinates system, see Figure 
2.2.1 which also applies to a circular cylinder.) The time traces of the streamwise 
velocity were recorded and processed by the HP VEE software. By using a fast Fourier 
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transformation (FFT), a spectrum can be obtained from the time trace of the wake 
velocity. The shedding frequency (f) is taken as the frequency that corresponds to the 
peak in the spectrum. In the present investigation, each spectrum is actually the 
arithmetic mean of about eight spectra. The Strouhal number is defined as S=fD/U0.  
   The S-Re relations for a circular cylinder wake with different end plate 
inclination angles are shown in Figure 3.2.1. The effects of endplates are clearly 
demonstrated. For the S-Re curve of the cylinder with 0° endplates inclination 
(endplates were installed parallel to the direction of flow), it is lower than the one with 
14° endplates inclination in both the laminar (Re<176) and transitional flow region 
(176<Re<240). The S-Re curve for the cylinder with 7° endplates inclination is 
between the two above curves, but is closer to the 14° endplates S-Re curve. It is also 
noted that the S-Re curve for the cylinder with 14° endplates inclination is very close 
to the curve of parallel vortex shedding calculated from the formula reported in 
Williamson & Brown (1998) (This formula is very close to the one proposed by Fey et. 
al. (1998)), which applies to Reynolds number larger than 100.  
For all of the three S-Re curves above, there are two discontinuities that take 
place at different Reynolds numbers. These discontinuities mark the onset of the two 
different instability modes, namely mode A and mode B instabilities. For the cylinder 
with a 14° endplates inclination, mode A appears at about Rec1=176. Above Re=250, 
only mode B can be detected (no large-scale dislocations appear). For the cylinders 
with 0° and 7° end plates, the two critical Reynolds numbers are a little lower than 
those of the 14° endplates inclination cylinder (near 170 and slightly lower than 250). 
This is likely to be a consequence of the oblique shedding when the end plates 
inclinations are smaller than 14°. From the three sets of S-Re results shown above, it is 
natural for one to wonder if the S-Re curve will continue to rise with further increase 
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in the endplates inclination. In fact, the S-Re data for a cylinder with 22° end plates 
inclination were measured and found to coincide with the curve for parallel shedding 
from Re=80-140. However, when the streamwise velocity increases further (i.e. 
Re>140), the flow becomes unstable. Since for the other three end plates angles, Rec is 
much higher than 140, this three-dimensional flow is likely to be due to flow 
separation from the endplates. Accordingly, of all the four endplates inclination angles 
evaluated, 14° is thought to be the most suitable endplates angle.  Based on the good 
agreement between the current 14° endplates inclination data and the parallel shedding 
curve of Williamson & Brown (1998), it can be concluded that with 14° endplates 
inclination and in the laminar region, the wake is two-dimensional. Under this 
circumstance, the transitional process in the cylinder wake can be studied more 
accurately.    
In order to visualize the effects of end conditions, some preliminary flow 
visualization was conducted and the results are shown in Figure 3.2.2. It can be clearly 
seen that the endplates inclination has strong effects on the entire span of the cylinder. 
When the end plates are parallel to the flow and to each other (inclination angle is 0º), 
due to the end effects, the streamwise velocity along the span is not uniform. This will 
likely cause the base pressure to become non-uniform too. It is observed from the 
video recording that there is a spanwise flow from the ends of the cylinder to the mid-
span region. This causes an “arch” shape shedding pattern, and as confirmed by the hot 
film measurements, the corresponding Strouhal number becomes lower than the 
parallel shedding curve. When 14° (toe in) inclination endplates were installed, the 
flow at the end region is accelerated, the base pressure becomes more uniform along 
the span, and the shedding becomes parallel (Figure 3.2.2).  
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3.3 Time Traces of Streamwise Velocity and Spectral 
Patterns 
The time traces of streamwise velocity in a circular cylinder wake at different 
Reynolds number are shown in Figure 3.3.1, and the corresponding spectra in Figure 
3.3.2. Figure 3.3.1 indicates that there are three distinct kinds of time traces in the 
Reynolds region of from 80 to 290. For laminar flow (Re<176), the velocity 
fluctuation is almost perfectly periodic. The corresponding velocity spectrum (Figure 
3.3.2) exhibits a dominant peak and the bandwidth is very narrow. When the mode A 
transition appears (176≤Re≤250), the velocity fluctuation is characterized by the 
existence of low frequency fluctuations which cause sudden decreases in the 
amplitude. Williamson (1996b) suggested that these low frequency fluctuations mark 
the passage of vortex dislocations past the measuring probe, and the corresponding 
broad band spectrum reflects the presence of not only mode A small scale instabilities, 
but also the very large scales type of dislocations. Williamson denoted this as A*, 
which means mode A instability plus large scale dislocation.  The large-scale 
dislocations are probably caused by end contaminations. On the other hand, Henderson 
(1997) expressed his reservation about this explanation. According to his DNS results, 
he proposed that the shift in oscillation frequency is due to the coupling between mode 
A and the primary mode of instability. 
At it is, this issue is still not resolved. Since the end contamination exists 
through out the whole range of Reynolds number, the question is why do the large 
scale dislocations only appear in a Reynolds region of 176≤Re≤250. The transition 
process from mode A to mode B definitely warrants further research.   
From Figure 3.3.2, at a Reynolds number of 176, both laminar and three-
dimensional transitional flow can be detected. In fact, at Reynolds number as low as 
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150, there already exists a transient transition phenomenon: Occasionally, the flow 
becomes three-dimensional, but it recovers to laminar flow quickly. Above a certain 
critical Reynolds number (Rec1), no laminar flow can be detected. In the present work, 
Rec1 is near 176. This value is a little lower than Williamson’s results. This may be 
attributed to a host of reasons which include differences in cylinder aspect ratio and 
experimental conditions etc. From Figure 3.3.1 and Figure 3.3.2, it is clear that the 
existence of a sudden decrease in velocity amplitude results in a broadening of the 
spectral peak.  When the Reynolds number exceeds about 250, such sudden change in 
time trace of velocity no longer exists and the corresponding spectral peak becomes 
slightly narrower. 
For the first discontinuity which marks the inception of mode A instability, a 
weak hysteresis (∆Re of about 5) was observed while the transition process at the 
second discontinuity is more gradual and no hysteresis was found. In contrast to the 
current observation, a more evident hysteresis (with ∆Re larger than 20) was found in 
the first discontinuity by Williamson (1996b). Again this may be due to differences in 
experimental setup and conditions. One of the important differences is that 
Williamson’s more evident hysteresis was obtained by using suction tubes from the 
downstream side of the cylinder while inclined end plates were used in the present 
investigation.  
Despite the differences in the details of the results like those reported in the 
above paragraphs, the present results generally are in satisfactory agreement with the 
data reported in the literature. This confirms the accuracy of the present experiment. 
From the next chapter, the investigation of the wake of square cylinder will be 
presented in detail. 
 
         CHAPTER THREE: THE TRANSITION PROCESS OF THE WAKE OF A CIRCULAR CYLINDER 
 42
3.4 Concluding Remarks for this Chapter 
 From above investigations, it was found that the critical Reynolds numbers for 
the mode A and mode B instability in a circular cylinder wake are 176 and 250, 
respectively. There are three distinct patterns in both the time traces of wake 
streamwise velocity and their spectra in the present low Reynolds number regimes, and 
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Figure 3.2.2 End effects on circular cylinder wake (dye flow visualization at 
Re=120).    
0° end plates installed 14° end plates installed 
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Figure 3.3.1 Time traces of streamwise velocity in a circular cylinder 
wake at different Reynolds numbers. 
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Figure 3.3.2 Spectra of streamwise velocity in a circular cylinder 
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Square cylinders, along with circular cylinders, are very commonly used in 
civil engineering constructions and industrial applications. However, compared with 
the wake of a circular cylinder that has been extensively investigated, there remain 
some unsolved problems for the square cylinder wake, especially in the moderate 
Reynolds number range. In this chapter, the results of hot film measurement for the 
wake of a square cylinder wake with different angles of attack (α) will be presented. 
The transition process from laminar to turbulent wake was characterized by a sequence 
of patterns in the time traces of streamwise velocity (U) and the variation of Strouhal 
numbers (S) with Reynolds numbers (Re). The characteristics of the wake of a square 
cylinder at α=0° were also measured, which provided more detailed information about 
the wake at different transitional stages.  With the exception of the results presented in 
section 4.5 that were measured in the horizontal water channel, all the results reported 
in the present chapter were measured in the vertical water tunnel.  
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4.2 The Effects of End Conditions and Aspect Ratio on 
the Transition Process of a Square Cylinder Wake 
As demonstrated in the previous chapter, different end conditions and aspect 
ratio (L/D) have strong influences on the wake of a circular cylinder. Since the same is 
likely to apply to a square cylinder wake, it is thought that before scrutinizing the 
transition process of square cylinder wake, the effects of end conditions and aspect 
ratio on a square cylinder wake should first be established. 
Given the similarity between the wakes of circular and square cylinders, it is 
reasonable to expect that the methods of influencing cylinder end conditions described 
in Chapters one and three will also apply to a square cylinder wake. Of the methods 
known to us, the inclined end plate method was chosen due to its simplicity and 
flexibility.  As on the effects of aspect ratio, different aspect ratio was achieved by 
either varying the cylinder’s side length (D’) (i.e. by using different cylinders) or the 
end plates separation distance (L).  
The parameter used to measure the effects of end conditions and aspect ratio is 




=  ,      (4.2.1) 
where f is the predominant shedding frequency, D is the projected width (cross-flow 
dimension) of the cylinder (at α=0º, D=D’), and U0 is the free stream velocity. As 
suggested by Williamson (1988a), for circular cylinder wakes, parallel shedding has 
the maximum S magnitude and an approximate (cosine law) relationship relates the 
oblique shedding and parallel shedding frequencies in the laminar shedding regime. 
That is: 
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   0 cos
SS θθ=  .      (4.2.2) 
In the above S0 and Sθ are the Strouhal numbers for parallel vortex shedding 
and oblique vortex shedding, respectively. θ is the oblique shedding angle. The 
optimum end plates inclination angle can be found by measuring the variation of 
Strouhal numbers with endplates inclination angle.  
A hot film was positioned outside the separated shear layers in the near wake 
region (Y/D≈1.5 and X/D≈4-6), and very close to the mid-span (Z/D=0) of the 
cylinder. The coordinate system used in the current investigation is shown in Figure 
4.2.1, and is consistent with the one shown in Figure 2.2.1 (for α=0°). For the non-zero 
angle of attack cases, the origin is the point of intersection of a line that passes through 
the center of cylinder and parallel to the X-axis, and a line that passes through the rear 
of the cylinder and parallel to the Y-axis. Two polished stainless steel square cylinders, 
with side length (D’) of 4.73mm and 3.15mm, were used in the experiments. Circular 
end plates with diameter of 70mm were installed to promote and maintain parallel 
shedding. They were placed at 170mm apart on the cylinder. In the present experiment, 
the cylinder with side length of 3.15mm was used for the investigation of end effects 
and both the cylinders were used for the study of aspect ratio effects. For the 
investigation on end plates inclination, five different pairs of endplates were used. 
When installed, they are inclined inwards (toe-in) at angles of 0°, 7°, 14°, 18° and 22° 
to the free stream. 
The time traces of the streamwise velocity were recorded and processed by the 
HP VEE software. By using fast Fourier transformation (FFT), a spectrum can be 
obtained from the time trace of wake velocity. For each time trace, 8,192 samples were 
recorded at a sampling rate of 100 points per second. In the present investigation, the 
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final spectrum that was used to obtain the predominant shedding frequency is the 
arithmetic mean of six spectra. During the transition regime, sometimes the averaged 
spectrum displays a relatively broad peak with two spikes. When this is the case, the 
mean value of the frequencies at the two spikes was used as the predominant shedding 
frequency at this particular Reynolds number (See for example the Re=198 spectrum 
in Figure 4.3.5(a)).  
The S-Re relations for the wake of a square cylinder (with a side length of 
3.15mm) with different end plate angles are shown in Figure 4.2.2. The effects of 
endplates are clearly demonstrated. For the cylinder with 0° endplates inclination, its 
S-Re curve is lower than that of the 14° endplates cylinder in both the laminar 
(Re<160) and transitional flow regime (Re>160). The S-Re curve for the cylinder with 
7° endplates is between the two above curves. There is only a very small difference for 
the curve of 14° endplates inclination when compared to the one with 18° endplates 
inclination.  
For all the four above-mentioned S-Re curves, there are two discontinuities that 
take place at different Reynolds numbers. These discontinuities mark the inception of 
different instability modes, namely mode A and mode B instabilities. For the cylinder 
with a 14° endplates inclination, mode A appears at about Rec=160. Above a Re of 
about 204 to 210, only mode B instability can be detected (no large-scale low- 
frequency disturbances appear). For the cylinders with 0° and 7° end plates inclination, 
the two critical Reynolds numbers are a little lower than those of the 14° endplates 
cylinder (near 156 and slightly lower than 204, respectively). This is likely to be a 
consequence of the oblique shedding when the end plates inclinations are smaller than 
14°. Based on the four sets of S-Re results discussed above, it is natural for one to 
wonder if the S-Re curve will continue to rise with further increase in the endplates 
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inclination. To verify this, the author investigated a cylinder with 22° end plates 
inclination, and found its S-Re curve coincides with those of cylinders with 14° and 
18° end plates inclination from Re=70-110. However, when the streamwise velocity 
increases further (i.e. Re>110), the flow becomes unstable. Since for the other four end 
plates angles, Rec is much higher than 110, this three-dimensional flow is likely to be 
due to the strong separation flow from the endplates. Accordingly, 14° is thought to be 
the most suitable endplates inclination angle. Although 14° was shown to be the 
optimum end plate inclination in the present set-up, it should be stressed that the 
optimum end plate inclination is likely to be experimental set-up dependent and 14° is 
not an universal value.  
Besides the above-discussed, the author has made another interesting 
observation.   It seems that beyond the second critical Reynolds number (transition to 
mode B instability), the difference among the Strouhal numbers that correspond to 
different end conditions (different end plates inclination) becomes smaller when 
compared to those in the mode A regime and laminar regime (see Figure 4.2.2).  This 
suggests that the end condition effects become weaker in the mode B regime and 
beyond. The flow visualization results also confirm this point by reviewing that 
parallel shedding can be promoted and maintained intermittently even by using a pair 
of parallel endplates. More flow visualization results will be shown and discussed in 
the next chapter. 
For aspect ratio effects, the smaller square cylinder with side length of 3.15mm 
was used, which has a wider aspect ratio range. By altering the distance between the 
end plates, different aspect ratios could be obtained. Figure 4.2.3 (a) shows the results 
of aspect ratio effects by changing the distance between the leading edges of the end 
plates (all at 14° inclination). It can be seen that when the aspect ratio is 22.2 or larger, 
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Strouhal numbers are almost unchanged.  The curve of L/D=15.9 is lower than those 
curves with aspect ratio ≥ 22.2, and the one for L/D=10.2 is even lower. The above 
suggests that the critical aspect ratio number is between 15.9 and 22.2, above which 
the Strouhal number is independent of aspect ratio. The Strouhal numbers of two 
square cylinders of different size (D=3.15mm and D=4.73mm) are shown in Figure 
4.2.3 (b). Both cylinders were installed with end plates inclined at 14°, and their aspect 
ratios are about 36 and 50. At Reynolds number of up to about 150, the curve for the 
bigger cylinder is slightly lower than that of the smaller cylinder, which has the bigger 
aspect ratio. However, the difference between the two curves is generally not 
significant (about 1-2%).  
Based on the results of above investigations (especially results shown in Figure 
4.2.2), 14° was chosen as the inclination angle for the rest of the hot film 
measurements, and the largest possible aspect ratio was always adopted. The results 
are presented in the following sections. 
 
 
4.3 The Transition Process of the Wake of a Square 
Cylinder at α=0°  
According to the series of research work on the circular cylinder wake 
transition carried out by Williamson and a host of other researchers, it is recognized 
that the wake transition process of a cylinder wake can be described well by 
measurements using a single hot wire, and the division of different wake flow regimes 
can conveniently be carried out in reference to the measured Strouhal-Reynolds 
number relation. The two discontinuities in the S-Re curve mark the inception of mode 
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A instability and the gradually transfer of energy from mode A to mode B instabilities. 
In addition, streamwise velocity fluctuations correspondingly exhibit distinct 
characteristics as Re increases through the various wake flow regimes. Figure 4.3.1 
(taken from Williamson 1996b) shows that the highly regular laminar shedding pattern 
at Re=152 gives way to the presence of intermittent “glitches” in the time trace at 
Re=210 with some loss of periodicity. The regularity is partially regained at Re=260 
despite the presence of small scale three dimensionality in the flow, and by Re=520 
there is some obvious disorder in the wake velocity signal which shows the flow 
become more turbulent.  
In Chapter 3, the present research also observed and reported the existence of 
those distinct velocity patterns and the two discontinuities in the S-Re curve for the 
case of a circular cylinder. It is only logical for the author to apply the same approach 
to study the wake transition of a square cylinder. The side length of the square cylinder 
used (D’) is 3.15mm, and aspect ratio is about 50. As mentioned in the previous 
section, end plates inclined (toe-in) at 14°  were installed at the ends of cylinder. 
Similar to the case of a circular cylinder wake, the critical Reynolds numbers 
for the wake transition of a square cylinder wake were determined through the 
measurement of the S-Re relation. With the installation of the inclined endplates 
mentioned, parallel shedding was maintained during the laminar regime, and thus the 
critical Reynolds number (Rec1) for the first discontinuities can be measured 
accurately. After the predominant vortex shedding frequency was decided at different 
Reynolds numbers, the S-Re relation is obtained and shown in Figure 4.3.2. A 
comparison between current results with those reported in the literatures is shown in 
Figure 4.3.3, and the agreement is encouraging. Two discontinuities were observed in 
the present S-Re relation. They mark the inception of mode A instabilities and the 
                                                           CHAPTER FOUR:  HOT FILM ANEMOMETRY MEASUREMENT 
 53
transfer from mode A to mode B instability. A slight hysteresis is observed at the first 
discontinuity but not the second one (hysteresis will be discussed in detailed at the end 
of this section). 
 From the present results, Rec1 was found around 160 (determined from 
increasing Reynolds number). Compared to Rec1, Rec2 was less easy to define, and 
would be a range rather than a single value. According to current investigation the 
value of Rec2 is about 204±5. There are very few experimental works addressing the 
transitional wake of a square cylinder. Among them, Luo et. al. (2003) reported that 
the two critical Reynolds numbers are 160, 200, respectively (obtained from flow 
visualization). Although the magnitude of the critical Reynolds number agrees quite 
well with the present findings, Luo et. al. observed relatively gradual changes in S-Re 
curve and reported no discontinuities at the two critical Reynolds numbers. This is 
different from the present findings and the discrepancy may arise from the differences 
in experimental set-up and conditions. Apart from experimental research, some 
analytical and DNS studies also shed light on the transition process of a square 
cylinder wake. Robichaux et al (1999) had shown that mode A appears at a Reynolds 
number of around 161 and mode B appears at a higher Reynolds number of around 
190. Sohankar et al (1999) indicated that the transition from 2-D to 3-D was between 
Re=150 and Re=200. All above results are in reasonably good agreement with present 
experimental results. Recently, Saha et. al. (2003) suggests the inception of mode A 
instability is at around 150 to 175 while the critical Reynolds number for mode B is 
about 250 by employing DNS .  
When Reynolds numbers were increased from a fairly low value of about 60, 
the wake of a square cylinder will undergo laminar, mode A and mode B regimes in 
sequence until it finally becomes turbulent. The above is similar to the transition in a 
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circular cylinder wake. Therefore, it is not surprising to see that the velocity patterns 
that can be observed in the wake of a circular cylinder also exist in the wake of a 
square cylinder, although they take place in different Reynolds number ranges. Six 
time traces of streamwise velocity of a square cylinder wake at different Reynolds 
numbers are also shown in Figure 4.3.4. From the figure, three distinct velocity 
patterns were observed, with two velocity traces falling into each category. The three 
regimes are laminar regime, mode A regime and mode B instabilities regime. In the 
laminar regime (for the case of Re=100, Re=140), it can be seen that the variation of 
streamwise velocity with time is nearly perfectly periodic. In the mode A instability 
regime (Re=169, Re=188), the regularity in the velocity fluctuation is generally 
present but at some instances there is a sudden decrease in velocity magnitude. It is 
these sudden decreases in velocity magnitude that mark the presence of mode A 
instability. The sudden decrease in velocity magnitude in the case of circular cylinder 
wake was referred to as “glitches” by Williamson (1992). Finally, for Re=220 and 
Re=260 which was supposed to be in the mode B regime, a more “uniform” disorder in 
the variation of velocity magnitude were observed. This suggests that the low 
frequency disturbances once happened in mode A region which were reflected as 
“glitches” may have given way to the more “uniform” disorders and eventually 
evolved into turbulent flow.  
Before the Reynolds number reaches Rec1, transient transition will occur first. 
The reason why it was called transient is because although the “glitches” which marks 
the appearance of mode A can be observed, they appear infrequently and are short-
lived. 
Spectra of streamwise velocity in a square cylinder wake also display different 
characteristics in different flow regimes. Two different types of spectra coordinate 
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were used for different purposes. The scale of Power of Spectral Density (PSD) might 
highlight the sharp distinctions of spectra among different flow regimes while the scale 
of Decibel (dB) can display the differences of spectra at even very small energy level 
(dB is a logarithmic scale). For the scale of Decibel, the maximum value of PSD (P0) 
for each spectrum was chosen as the base point, and the value of other points were 
calculated according to 
10 010 log ( / )n p p= ,     (4.3.1) 
where P is the magnitude of the PSD at different frequencies. 
The transition process of a square cylinder wake is also reflected in the 
evolution of velocity spectra, shown in Figure 4.3.5. Both Figures 4.3.5(a) (PSD plot) 
and (b) (dB plot) are plotted on the same scale to facilitate comparison. It can be seen 
that the spectra also display three kinds of patterns which correspond to laminar regime 
(Re=150), mode A regime (Re=162 to Re=198), and mode B regime (Re=220). In the 
laminar regime, a sharp-peak is present in the spectrum, indicating that the energy in 
the flow is concentrated within a rather narrow range around the predominant 
frequency. For the mode A regime, a broader bandwidth is found which suggests that 
energy was distributed over a wider frequency range. In the later part of the present 
section, it will be shown that it is these “glitches” that cause the broadening of the 
spectral peak and the drop in the Strouhal number. In Figure 4.3.5 (a), the pattern of 
spectra in the mode B regime is quite similar to those in the laminar regime, where a 
sharp peak is observed. Once again this suggests that energy is concentrated within a 
relatively narrow range around the predominant frequency. On the other hand, in 
Figure 4.3.5 (b), it can be seen that compared to the laminar regime, energy is 
distributed over a much larger range of frequency, suggesting that the wake of cylinder 
has become more turbulent.   
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A hysteresis phenomenon is present at Re corresponding to the inception of 
mode A instability. This can be seen in Figure 4.3.6. At the same Reynolds number of 
160, both laminar shedding and mode A instability can be observed depending on 
whether the flow rate is increased or decreased. However, it should be pointed out that 
the hysteresis occurs in a very narrow Reynolds number region (∆Re less than 6). It is 
also related/dependent on the experimental set-up and flow characteristics, which 
include turbulence intensity, flow uniformity etc. More importantly, Figure 4.3.6(a) 
shows that the presence of those “glitches” causes a broader spectrum. The “glitches” 
are most likely related to large scale but low frequency disturbance. Those “glitches” 
may work as a signal of reduced shedding frequency.  
In the present case, the frequency that corresponds to spectral peak drops from 
about 2.26 Hz (laminar) to about 2.19 Hz (mode A). It also demonstrates that it is 
difficult to find a predominant frequency in the mode A regime by a single recording. 
By averaging the results of several recordings, the peak in a mode A spectrum and 
hence the drop in Strouhal number can be more accurately detected. Finally, it should 
be mentioned that although the averaging process somewhat smoothens the spectrum, 
in the laminar regime, the peak of predominant frequency remains very sharp and the 
corresponding frequency also remains unaltered.  
After studying the wake transition of a square cylinder at α=0° in the light of 
velocity signal, the wake transition of square cylinder at different angles of attack will 
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4.4 The Effects of Angle of Attack on the Transition 
Process of a Square Cylinder Wake 
 
 In this section, the results of the effects of angle of attack (α=0° to 45°) on the 
transition process of a square cylinder wake will be presented. The Reynolds number is 
defined as Re=U0D/ν, where D is the projected width of the cylinder in the streamwise 
direction. D is related to the side length D’ of the cylinder and angle of attack (α) via 
the relation: D/D’=cosα+sinα. Accordingly, the Strouhal number is also computed as 
S=fD/ U0. A stainless steel square cylinder with a side-length (D’) of 3.15 mm was 
used, and one pair of endplates inclined at 14° (toe-in) were installed to maintain 
parallel shedding. The distance between the leading edges of the endplates (L) is 
170mm. Besides the case of α=0° which has been reported in details in the previous 
section, other angles of attack investigated include 5°, 10°, 20°, 30° and 45°. As D is α 
dependent and L is constant, the aspect ratio (L/D) varies from 38 to 50. The Reynolds 
number ranges from about 60 to 350.  
 Similar to the cases of a circular cylinder wake and square cylinder wake at 
α=0°, three distinct patterns of time traces of wake streamwise velocity can be 
observed for all the square cylinders at non-zero angle of attack cases. They are the 
nearly perfectly periodic pattern (laminar regime), periodic but “contaminated” with 
glitches pattern (mode A regime) and more uniformly disordered pattern (mode B 
regime). For each angle of attack, six time traces are displayed in Figures 4.4.1, 4.4.3, 
4.4.5, 4.4.7 and 4.4.9, for each of the three above mentioned categories. The transition 
process can also be observed through the evolution of spectral patterns (see Figures 
4.4.2, 4.4.4, 4.4.6, 4.4.8 and 4.4.10). Just like the square cylinder at α=0° case, the 
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spectra for the laminar regime have the sharpest peaks, the spectra for mode A the 
broadest, with those for mode B coming in between. 
 The S-Re curves for different angles of attack are shown in Figure 4.4.11. It 
can be seen that at a certain constant Reynolds number, the Strouhal number increases 
with angle of attack. However, the rate of increase reduces with the increase in angle 
of attack, and finally only a small difference exists between the curves for α=30° and 
45°. For every case, two discontinuities in the curve of S-Re can be observed which 
mark the inception of mode A instability and the gradual transfer of energy from mode 
A to mode B instability. Compared with Rec1, Rec2 is less well defined as the transition 
process from mode A instability to mode B instability is a relatively gradual one. 
Although there are considerable similarities among the various different α cases, the 
critical Reynolds numbers are quite different and the results are tabulated in Table 
4.4.1. 
     
α(degree) Rec1 Rec2 
0 160 204 
5 165 215 
6 166 ≈200 to 220 
10 167 217 
20 154 214 
30 136 200 
45 127 180 
 
  Table 4.4.1 The critical Reynolds numbers at different angles of attack (α). 
Note:  
The data shown above are the mean value of critical Reynolds numbers. The uncertainty in Rec1 and 
Rec2  are about 2 and 5, respectively. 
For the case of α=6°, the Strouhal number was recorded only around the two discontinuities in the S-Re 
curve. From which, Rec1 was identified accurately while Rec2 was found to be around 200 to 220. No 
attempt was made to acquire a more accurate Rec2.  
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It can be seen that when α increases, Rec1 increases from 160(at α=0°) to 167 
(at α=10°). Thereafter the trend reverses and Rec1 reaches its minimum of 127 at 
α=45°. Rec2 also displays a similar trend. Sohankar et. al. (1998) determined the 
critical Reynolds number (Rec) for the primary instability for the wake of a square 
cylinder at different incidences, their results are shown in Table 4.4.2. It is noted that 
the trend of their data for α>10° is in agreement with the present Rec1/Rec2 versus α 
trends. Sohankar et. al. have only one data at α<10°, its magnitude of Re at α=0° 
(=51.2) is close to the one at α=10° (=51.0).The difference in trend between Rec and 
Rec1/Rec2 at α<10° may be related to difference in the fundamentals at the flow.  
Robichaux et. al. (1999) had shown that for the case of  α=0°, at Re<120 the flow does 
not separate (hence no subsequent reattachment) at the front corners of the cylinder. 
The structure of the flow at the critical Reynolds number for the primary instability 
(Re<120) and the flow at the inception of secondary instabilities (Re>120) are 
therefore likely to be different   
 
 α=0° α=10° α=20° α=30° α=45° 
Recr 51.2 51.0 48.7 44.0 42.0 
 
Table 4.4.2 Calculated critical Reynolds numbers for primary instability 
(Sohankar et. al. 1998). 
 
 
From Figure 4.4.11, it is noted that the critical Reynolds number for the 
appearance of mode A instability (Rec1) is approximately the same as the Reynolds 
number where the Strouhal numbers begin to approach some sort of asymptotic values 
and some sort of saturated state is present. Since the Strouhal number is defined as 
S=fD/U0, it can be deduced that the increase in frequency outpaces that of the free 
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stream velocity before the transition regime. The outpacing rate decreases with 
increasing Reynolds number and reaches zero at around the inception of the secondary 
instability, and the increase in shedding frequency either begins to equal or lags behind 
the increase in free stream velocity at even higher Reynolds number, causing S to 
decrease (or at least remains roughly constant) with increasing Re. 
By plotting α against Rec, Rec1 and Rec2 , three different regimes (laminar, 
mode A and mode B region) can be clearly identified. This is shown in Figure 4.4.12. 
From this figure, the magnitudes of Rec1 and Rec2   at other angle of attack case can also 
be estimated with fair accuracy. 
Lastly, there are some comments addressing the phenomenon of reattachment 
of separated shear layers. From the research work of Chen and Liu (1999), the 
reattachment angle varies from 13° to 17° depending on the Reynolds number (the 
Reynolds numbers varies from 2000 to 16000). The occurrence of reattachment can be 
deduced from the S-α curves. The reattachment angle is the angle at which S is a 
maximum (see Figure 4.4.13). In the low Reynolds number regime, the reattachment 
angle is smaller. According to the observation of Ng (2001), the angle of reattachment 
at Re’=250 (Re’ is the Reynolds number that is based on the side length) is only 6°, 
and the reattachment during the transition regimes should be close to that value. 
Indeed, in the low Reynolds number regime, no maximum point on the S-α curves can 
be observed, which is different from the higher Reynolds number cases (compare 
Figure 4.4.13 and Figure 4.4.14). It is therefore suggested that at low Reynolds regime, 
the S-α relation is insensitive to the existence of reattachment. Nonetheless, from 
Figure 4.4.12, it is quite striking to observe that the maximum Rec1 appears at α of 
around 6º to 10º.  From the above discussions, it can be deduced that there may be 
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certain relations between the variations of Rec1 and Rec2 and the occurrence of 
reattachment. This deserves a further investigation in the future.   
 
4.5 The Characteristics of the Wake of a Square 
Cylinder at α= 0° 
The characteristics of a circular cylinder wake have been investigated by 
Williamson (1992). Given the similarities between the transition process of the wake 
of a square cylinder (at various angles of attack) and a circular cylinder (characterized 
by the S-Re curve, the time traces of streamwise velocity and corresponding spectra), 
the square cylinder wake is expected to share some common characteristics with that 
of a circular cylinder wake. In this section, measured results on the characteristics of a 
square cylinder wake at α= 0° are presented. 
 In order to freely move the hot-film probe to different positions downstream of 
the cylinder, the experiment was conducted in the (free surface) horizontal water 
channel.  In the experiment, the probe was always put at the mid span of the cylinder 
(namely, Z=0), although the magnitude of the X and Y coordinates were varied from 
case to case. A stainless square cylinder with a side length of 4.73mm was used, and a 
pair of endplates inclined at 14° (toe-in) were installed to yield parallel shedding. The 
aspect ratio was about 80. 
 It should be pointed out up front that in this section, all the velocity traces 
within one figure are based on the same scale, but the scale may vary from one figure 
to another. Due to the difference in wake width between a circular and a square 
cylinder, the probe postion adopted in the present work can be different from that of a 
circular cylinder. For example, the author had placed the probe at Y=1.16D in the 
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current investigation, whereas Williamson (1992) had adopted Y=1D in his circular 
cylinder wake measurement.  
The time trace of streamwise velocity at a Reynolds number of 133 (α=0°) is 
shown in Figure 4.5.1 (Y=0D) and Figure 4.5.2 (Y=1.16D). Considering that there will 
be reversed flow in the near wake at Y=0 D (along the centerline of cylinder) which 
will lead to erroneous measurement, the measurements started from X=2D at Y=0 D 
and X=1D at Y=1.16 D. Due to the influence from both separated shear layers, the 
velocity fluctuation at Y=0 D has doubled the number of peaks when compared to the 
velocity signal recorded at Y=1.16 D. Other than this difference, both the velocity 
traces exhibit the typical laminar shedding type of characteristics, with the velocity 
traces remaining near perfectly periodic even at a fairly far downstream location of 
40D (although the amplitude decreases dramatically).  
Figure 4.5.3 shows the change in streamwise velocity at different Y coordinates 
while the X coordinate was fixed at 10D. Like before, at Y=0D, the flow was affected 
by both separated shear layers and the velocity there fluctuates at twice the large Y 
signals’ frequency. As Y increases, the effects of one of the two separated shear layers 
begin to diminish. By Y=1.16D, only one of the two separated shear layers has its 
influence felt. All the velocity traces in Figure 4.5.3 display the regular laminar type 
shedding pattern. The normalized mean velocity profiles at different downstream 
positions are shown in Figure 4.5.4. At small X values, the velocity at Y=1.16D 
decreases whereas the velocity at Y=0 increases with X. This difference is because the 
probe was put in various flow regions: In the near wake and at Y=1.16 D, the probe is 
in the separated shear layers where the velocity is higher than free stream velocity (U0) 
and the effects of shear layers diminish with the increase in X. At Y=0D, the probe is 
in the wake where the velocity is lower than U0 and the effects of wake become 
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weaker as X increases. At around X=5D, the two mean velocities are roughly equal in 
magnitude. At X>5D, both velocities reduce with increasing X, with the signal at 
Y=0D reducing at a larger rate, and the velocity at Y=1.16D is higher than the velocity 
at Y=0D. 
The time traces of streamwise velocity at a Reynolds number of 175 (α=0°) are 
shown in Figures 4.5.5 to 4.5.7. This specific Reynolds number is in the mode A 
instability regime, and the “glitches” are observed in all three figures. Apart from the 
existence of glitches, the velocity traces at Re=175 show another distinct difference 
with that of the laminar mode in that in the far wake (X=10D and X=40D), low 
frequency but rather large amplitude oscillation becomes noticeable. This phenomenon 
was also reported by Williamson (1992) for the case of circular cylinder wake. He 
suggested it to be related to the existence of large scale “dislocation” in the wake 
which originated from the “glitches” in the near wake. The normalized mean velocity 
at different downstream positions at Re=175 are shown in Figure 4.5.8. Just like Figure 
4.5.4, the two curves are for Y=0D and 1.16D. In fact, the trends of these two curves in 
the mode A regime (present figure) are also close to their counterparts in the laminar 
shedding regime (Figure 4.5.4), but with one obvious difference: At X around 5D, the 
normalized velocities for Y=0D and 1.16D are nearly equal at Re=133, but are about 
10% different at Re=175. This may be due to the fact that the wake flow region in 
mode A regime is wider than those in laminar regime, therefore the flow is relatively 
slower at Y=0D when compared to the flow at Y=1.16D in the mode A regime (the 
detailed measurements of wake width can be seen in Figure 6.3.3). At the same time, 
the “low frequency but large scale oscillation” which was observed in the mode A 
regime may also play a role for this difference. 
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Figures 4.5.9 to 4.5.11 are the velocity traces at Re=256 which fall into mode B 
instability regime. When compared to their counterparts in the mode A regime, more 
“uniform” disorder appears in all the figures. In the near wake and at Y=1.16D, the 
flow velocity signal is very close to that of laminar regime. The normalized mean 
velocity for Re=256 (Figure 4.5.12) is quite similar to the one at Re=133, except that 
there is a 5% difference between the two normalized velocities at X/D=5. 
  The distinctions between laminar regime and transition regime are also 
reflected in the across wake streamwise rms velocity distribution. The streamwise rms 
velocity profiles measured in the laminar regime (Re=133), the mode A instability 
regime (Re=175) and the mode B instability regime (Re=256) are shown in Figure 
4.5.13. All the measurements were carried out at X=10D. For the rms velocity profiles 
at Re=133 (laminar regime) and 256 (mode B regime), two symmetrical peaks are 
observed which reflects the passage of the two rows of primary vortices. On the other 
hand, the profile at Re=175 exhibits only one peak and it takes place on the wake 
centerline. This suggests that for some reasons the fluctuation of the wake centerline 
velocity outpaces the fluctuation at the locations that correspond to the vortices path. 
By referring to Figures 4.5.3, 4.5.7 and 4.5.11, it can seen that the centerline peak in 
the mode A across the wake rms velocity distribution is due to the presence of a large 
amplitude low frequency fluctuations which exist most notably on the wake centerline 
velocity in the mode A regime (Figure 4.5.7). Similar phenomena exist in the wake of 
a circular cylinder. Also, although both the Re=133 and Re=256 curves display twin-
peak patterns, due to the existence of disorder in the variation of flow velocity at 
Re=256 the difference between the peak and the trough point for the Re=256 curve is 
less than that of Re=133. Similarly, Williamson (1996c) shows (for a circular cylinder 
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wake) the twin-peak-rms profile for Re=152 (laminar regime) and a single-central-
peak profile for Re=183 (mode A regime). His results are shown in Figure 4.5.14. 
Figures 4.5.15 and 4.5.16 show the decay of velocity fluctuation downstream 
of the mid-span position of the cylinder. Different (style of variation) can be seen in 
different regimes. First we look at the case when the probe was positioned at Y=0D 
(Figure 4.5.15), and moved downstream from X=2D to X=40D. For all three Reynolds 
numbers (i.e. Re=133, 175 and 256) investigated, Urms/U0 first decays rapidly from 
small X to X≈5D, with Re=133 case exhibiting the steepest decay. Beyond that range, 
the decay becomes much less rapid. But even the decay rates for the three Reynolds 
numbers are not very different after X>10D, the magnitude of Urms/U0 for Re=133 is 
much smaller than its counterparts at Re=175 (largest of the three Reynolds numbers 
investigated) and Re=256. When the probe was put at Y=1.16D the rms velocity in all 
regimes increase dramatically from X=1D to X=4-5D (see Figure 4.5.16), thereafter 
they decay with X/D. The decay appears to be the steepest for Re=133, and the least 
steep for Re=175, with the data at Re=256 again coming in between. At least for the 
case of Re=175, Urms/U0 appears to approach an asymptotic value at high X/D value. 
Once again these differences were thought to be caused by the presence or absence of 
low-frequency large magnitude velocity component, and the amplitude of this 
component. With the strongest influences of the low-frequency large magnitude in the 
mode A regime (Re=175), the decay of rms velocity somehow (details not known) 
becomes the smoothest. This is also corroborated by the observation of Williamson 
(1996c) (for the case of circular cylinder wake). The distinct decay patterns for the 
three different regimes are shown in Figure 4.5.17. A “plateau-like” pattern was 
observed for Re=183 (mode A regime), and “exponentially decay” pattern for Re=153 
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(laminar regime). The resemblance in trend of the three sets of (three) curves in 
Figures 4.5.15 to 4.5.17, especially in the range X/D>5, is quite obvious.  
 
 
4.6 Concluding Remarks for This Chapter 
 At the beginning of this chapter, the effects of inclination angle of end plates 
have been investigated. At an end plates angle of 14º, parallel vortex shedding takes 
place. It was believed that under this circumstance, the effects of the cylinder end 
conditions had been reduced to a minimum, and 14º was therefore chosen as the 
optimum end plates inclination angle. From the results of hot film measurements, it 
can be concluded that the wake of a square cylinder goes through a similar transition 
path with that of circular cylinder in light of single hot-film probe measurement. There 
are three distinct regimes at low Reynolds number, namely the laminar regime, mode 
A and mode B instability regimes. Their existence can be identified from time traces of 
wake streamwise velocity, patterns of spectra and S-Re curves. These three regimes 
are also identifiable from the measurements of the wake profiles, e.g. across wake rms 
velocity profile and streamwise rms velocity decay pattern. In reference to the S-Re 
curves, the critical Reynolds numbers for the wake of square cylinder at various angles 
of attack were determined, and the division of different regimes becomes possible. In 
the following two chapters, the results of flow visualization and PIV (particle image 
velocimetry) will be presented. The choice of Reynolds numbers for each specific 
regime is decided in reference to the hot film measurements results. 
 
 












Figure 4.2.2 End effects on the square cylinder vortex shedding frequency at 
α=0°. 
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Figure 4.3.1 The time traces of streamwise velocity which displays distinct patterns in 
various flow regimes in the wake of a circular cylinder (Williamson 1996b). 
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Figure 4.3.2 Strouhal-Reynolds number relationships for flow past a square 
cylinder (α=0° and with 14° inclination end plates). 
 
 
Figure 4.3.3 A comparison of the Strouhal-Reynolds number relationship with 
those reported in the literatures. (Note: The original version of this figure is from 
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Figure 4.3.4 The time traces of streamwise velocity in a square cylinder wake at 
different Reynolds numbers (α=0°). 
   
 






























Figure 4.3.5 The evolution of spectra from the laminar to the mode B regime 
(α=0°). (a) in PSD scale, (b) in dB scale. 
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(a) 
           
           
    
            
 
(b) (c) 
Figure 4.3.6 The hysteresis of transition from laminar to mode A instability. (a) 
Laminar and mode A spectra at Re=160. (b) Streamwise velocity time trace in the 
laminar regime.  (c) Streamwise velocity time trace in the mode A regime.   
         

















1  laminar mode (single recording)
2  laminar mode (averaged recording)
3  mode A (single recording)











Figure 4.4.1 The time traces of streamwise velocity in a square cylinder wake at 


































Figure 4.4.2 The evolution of spectra from the laminar to the mode B regime 




















































Figure 4.4.3 The time trace of streamwise velocity in a square cylinder wake at 
different Reynolds numbers (α=10°). 
 
 






























Figure 4.4.4 The evolution of spectra from the laminar to the mode B regime 

















































Figure 4.4.5 The time traces of streamwise velocity in a square cylinder wake at 
different Reynolds numbers (α=20°). 
 
 






























Figure 4.4.6 The evolution of spectra from the laminar to the mode B regime 
(α=20°). (a) in PSD scale, (b) in dB scale. 
 
 






















































Figure 4.4.7 The time traces of streamwise velocity in a square cylinder wake at 
different Reynolds numbers (α=30°). 
 
 






























Figure 4.4.8 The evolution of spectra from the laminar to the mode B regime 



























































Figure 4.4.9 The time traces of streamwise velocity in a square cylinder wake at 
different Reynolds numbers (α=45°). 
 
 






























Figure 4.4.10 The evolution of spectra from the laminar to the mode B regime (α=45°). 
(a) in PSD scale, (b) in dB scale. 
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Figure 4.4.11 The Strouhal-Reynolds number relationships for square cylinder at different 
angle of attack. 
 
 
Figure 4.4.12 Different flow regimes and critical Reynolds numbers for a square 
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Figure 4.4.13 The Strouhal- α relationships in high Reynolds number 
regime (from Chen and Liu (1999)). 







Figure 4.4.14 The Strouhal-α relationships for different Reynolds 





















Figure 4.5.1 The time traces of square cylinder wake streamwise 
velocity (Re=133, Y=0 D, α=0°). 
 
 
Figure 4.5.2 The time traces of square cylinder wake streamwise 





















Figure 4.5.3 The time traces of square cylinder wake streamwise 
velocity (Re=133, X=10 D, α=0°). 
 
 
Figure 4.5.4 The mean streamwise velocity in a square cylinder 





































Figure 4.5.5 The time traces of square cylinder wake streamwise 




Figure 4.5.6 The time traces of square cylinder wake streamwise 























Figure 4.5.7 The time traces of square cylinder wake streamwise 




Figure 4.5.8 The mean streamwise velocity in a square cylinder 
wake at different downstream positions (Re=175, α=0°). 
 


























Figure 4.5.9 The time traces of square cylinder wake streamwise 
velocity (Re=256, Y=0 D, α=0°). 
 
 
Figure 4.5.10 The time traces of square cylinder wake streamwise 



















Figure 4.5.11 The time traces of square cylinder wake streamwise 




Figure 4.5.12 The mean streamwise velocity in a square cylinder 








































Figure 4.5.14 Rms velocity distribution in the Y direction at 



































Figure 4.5.15 The decay of rms velocity along the X direction at 
Y=0 D and Z=0D(α=0°). 
 
 
Figure 4.5.16 The decay of rms velocity along the X direction at 































































Figure 4.5.17 The decay of rms velocity along the X direction at Y=1.0 D for the 


















Flow visualization had been used by a great number of researchers to study the 
flow past a buff body. Coutanceau and Defaye (1991) provided a detailed literature 
survey on the study of cylinder wake using different flow visualization techniques. The 
flow visualization approach is recognized as one of the most effective investigation 
tools for flow field or flow structure studies. Indeed, by providing a clear image of the 
flow, this method constitutes a valuable data source and facilitates the interpretation of 
the phenomena detected from global or local measurements. Furthermore, in the case 
of unsteady flow, it has the advantages over local measurement methods by revealing 
all the characteristics of the flow at the time of recordings. In the present investigation, 
the dye injection method was applied to show the wake structures of flow past 
cylinder. There are two main parts in this chapter: First, some observations about the 
so called low-speed shedding mode and high-speed shedding mode were discussed; 
Following that, the next section shows the existence of distinct flow regimes which 
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had been identified through hot film anemometer measurement presented in the 
previous chapter.    
 
 
5.2 The Formation of von Karman Vortices in Circular 
Cylinder and Square Cylinder Wakes 
In this part, the vortex shedding process was studied by injecting dye from 
within the cylinders at mid-span position (Z=0). To trigger and maintain parallel 
shedding, inclined endplates were installed at the ends of cylinders.  
During the experiment, dye was gravity fed into the hollow cylinder and 
released into the fluid via the small mid-span dye ports. The flow rate of dye was 
controlled by valves to make sure that the dye was emitted slowly out of the cylinder, 
with minimum disturbance to the flow. This method, when designed and executed 
properly, is almost non-intrusive and is able to reveal useful flow field information. 
However, due to the accumulation of dye in the water, frequent purging is necessary in 
order to maintain the good quality of the flow images captured.  
 Combined with other researchers’ observations, Zdravkovich (1991, 1997) 
summarized that there are two different modes of vortex shedding from circular 
cylinders, namely the low speed vortex shedding mode and the high speed vortex 
shedding mode. In the low speed mode, vortices are not shed directly from the cylinder 
but are formed gradually as the fluid flows downstream. This mode is attributed to the 
instability of the laminar wake. Its distinct feature is the sinusoidal trail and gradual 
roll up of free shear layers at crests and troughs. Note that all eddies are mutually 
connected by the trail streak line, which originated from the near-wake region (Figure 
5.2.1). 
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On the other hand, the high speed mode of vortex shedding was described by 
Gerrard (1966) as “Turbulent eddies grow and develop almost in a stationary position 
for one half of shedding period until they are strong enough to draw the other shear 
layer across the wake so that the subsequent eddy is cut-off from a further supply of 
the circulation. Hence the latter is being shed from the cylinder at this stage”. Figure 
5.2.2 is an example of the high-speed mode at a Reynolds number of 300.  
For the circular cylinder wake at a Reynolds number of 120, one vortex-
shedding period is shown in Figure 5.2.3. The shedding sequence is from 1-6, (left to 
right, top to bottom). A vortex (upper) is formed gradually (1-3) as the fluid flows 
downstream (left to right in the picture). The long trail that connects it to the cylinder 
is clearly seen. At the same time, the vortex rolls up. In the near wake, the vortex is 
elliptic in shape and gradually becomes circular as it moves downstream. When the 
upper vortex grows (steps 1 to 3), it draws the lower vortex to cross the wake 
centerline. When this happens (somewhere between steps 3 and 4), the upper vortex is 
shed and the process is repeated in a mirror image manner between the top and bottom 
separated shear layers. Meanwhile, the shed vortices from both sides are connected by 
the trail streak line that originates from the near-wake region, and re-organize 
themselves into a von Karman vortex street. From Figure 5.2.3, we can see that at 
Re=120, the streak line becomes diffused after a certain downstream distance, but the 
vortices in the entire flow region could still be clearly seen. The vortices were 
observed to grow larger as they travel downstream.  
In Figure 5.2.4, at Re=400, the flow looks more turbulent. The streak lines 
become more diffused and blurred. May be because the vortex shedding length 
becomes shorter and vortex shedding frequency higher, there is more flow across the 
cylinder centerline, and less dye in the braid region. 
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A low speed shedding mode for the case of square cylinder is shown in Figure 
5.2.5, at a Reynolds number of 120. A high speed shedding mode for the square 
cylinder is shown in Figure 5.2.6, at a Reynolds number of 400. The vortex formation 
processes for the square cylinder are similar to that of the circular cylinder. Also 
similar to the case of circular cylinder, the low-speed mode and high-speed mode are 
clearly distinguishable. In the next chapter, quantitative PIV measurements will 
demonstrate that there is further distinction between these two modes which is 
highlighted by the different intensity of cross flow, and a link between the two 
shedding modes with the wake transition process (from laminar to mode A instability 
regime, and to mode B instability regime) will be established. 
 
  
5.3 Various Flow Regimes Identified Through Flow 
Visualization 
5.3.1 End Effects on Cylinder Wake 
As seen in previous chapters, end conditions play an important role in the 
transition process in the wake of cylinders. In this section, the effects of end conditions 
are visualized. The vortical structures of the wake of a square cylinder (α=0°) installed 
with parallel endplates (end plates parallel to the free stream) are shown in Figure 
5.3.1.  In Figure 5.3.1, based on the information obtained and presented in Chapter 4, 
three different Reynolds numbers are selected, with each representing a particular flow 
regime. They are the laminar shedding regime (Re=140), mode A instability regime 
(Re=180) and mode B instability regime (Re=260). It can be clearly seen that the 
inclination of endplates have strong effects on wake flow over the entire span of the 
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cylinder. When parallel endplates were used as in the case of Figure 5.3.1, due to the 
end effects, the streamwise velocity along the span is not uniform. This most likely 
causes the base pressure to become non-uniform in the spanwise direction, resulting in 
an “arch” shape shedding pattern; and as confirmed by the hot film measurements of 
the previous chapter, the corresponding Strouhal number becomes lower than its 
parallel shedding counterpart. Nonetheless, despite the arch shape vortex shedding, the 
flow still displays those distinct characteristics (the absence of streamwise vortices in 
laminar regime, the appearance of long-wavelength streamwise vortices in mode A 
regime and the existence of short-wavelength streamwise vortices in mode B regime) 
that are known to be present when the cylinder end effects are eliminated. From video 
recording, it is noted that the degree of the end effects varies from regime to regime, 
with laminar and mode A regimes being more susceptible than mode B regime. In 
order to trigger and maintain parallel shedding, and hence keep the end effects to a 
minimum, inclined endplates were used. In this part, the optimum end plates 
inclination angles are about 16° to 18°, which is slightly different with that used in the 
hot film measurements. It therefore appeares that the inclination angle of end plates 
may require fine tuning to suit different experimental conditions. When inclined 
endplates were installed, the flow at the end region was accelerated, and the base 
pressure along the span became more uniform. All these changes cause the shedding to 
become parallel to the axis of cylinder. Under these conditions, any changes of flow 
structures with Reynolds numbers can be attributed to the intrinsic transition nature of 
the wake flow, and not to the effects of three dimensionality caused by the 
experimental arrangement.  
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5.3.2. The Existence of Mode A and Mode B Instabilities in the 
Wake of a Square Cylinder 
In Chapter 4, the flow regimes of square cylinder wake were determined by the 
measurement of the S-Re relation (see Figure 4.4.11 and Table 4.4.1), and distinct 
pattern of streamwise velocity was observed in each regime. In this section, with the 
square cylinder terminated by end plates inclined at optimum angle (typically 16º to 
18º, as mentioned in the previous section), three different flow regimes at α= 0°, 10° 
and 45° were investigated. It should also be pointed out that only one dye releasing slot 
was used and was located on the top face, only the top shear layer’s primary vortices 
could be observed in this section. 
In Figure 5.3.2, the existence of mode A and mode B instabilities for the case 
of α =0° can be observed. A laminar shedding pattern is observed in Figure 5.3.2 (a) 
(Re=155), and as expected there are no streamwise vortices between primary vortices. 
When Reynolds number was increased to 188, a typical mode A type of flow pattern 
can be found in Figure 5.3.2 (b). The primary vortex cores become wavy along 
spanwise direction where some streamwise vortices were pulled out from the primary 
vortices. With the aid of a 5 D long scale line, it can be seen that the wavelength of the 
streamwise vortices is around 5 D. When Reynolds number is increased to 244, which 
is known from hot film measurements to be well within the mode B regime, much 
finer-scale streamwise vortices can be seen. Although it is hard to determine the exact 
wavelength of the streamwise vortices, it should be around 1 to 2 times of side length 
of the cylinder. When Reynolds number is increased further to 331, the wake still 
displays the mode B regime characteristics, although the diffusion effects become 
somewhat stronger.  
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Not surprisingly, at other (non-zero) angle of attack, similar sequence of 
variation takes place when the Reynolds numbers were increased. The distinct flow 
regimes for α=10° and α=45° are shown in Figure 5.3.3 and Figure 5.3.4, respectively. 
The wavelength of mode A instability is estimated to be around 5 times of the 
projected width (D) at α =10° and 4D at α =45°, while the wavelength for mode B 
instability is around 1 to 2 D. More accurate spanwise wavelength of streamwise 
vortices can be determined from Particle Image Velocimetry (PIV) measurements. 
This will be presented in the next chapter.   
 
5.3.3. The Evolution of Streamwise vortices 
Although the existence of mode A and mode B instabilities can be easily 
identified by releasing ordinary dye into the flow, it is not convenient to explore the 
evolution and symmetries of these modes via conventional dye flow visualization. To 
do that, Laser-induced-fluorescent (LIF) dye needs to be used. With LIF dye, the 
camera was placed to look upstream from behind the cylinder, and normal to a planar 
light sheet that sectioned the near wake at around X=2D. This arrangement is similar 
to the setting of Williamson (1996b). In this section, only the case of α=0° was 
investigated and two Reynolds numbers were chosen, one is Re=175 (in mode A 
regime) and another is Re=235 (in mode B regime). 
The evolution of mode A instability can be seen in Figure 5.3.5 which covers 
half a shedding cycle. In Figure 5.3.5, two pairs of streamwise vortices are visible, and 
their separation (spanwise wavelength) is about 5D. In the following description, we 
will focus on the pair of vortices located near the center of the photos. In Figure 5.3.5 
(a), the visible streamwise vortices are in the upper side of braid region.  The direction 
of rotation is marked by a green curve. In Figure 5.3.5 (b), the core of the lower side 
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primary vortex is visible and is indicated by the arrow sign. The pair of streamwise 
vortices is still visible, but becomes somewhat less clear. The above is quite similar to 
the description of Brede et al. (1996), in which they referred to the secondary vortices 
in mode A regime for the case of circular cylinder wake as “tongues”. From Figure 
5.3.5 (b), it can be seen clearly that the core of the primary vortex becomes wavy along 
the spanwise direction. In Figure 5.3.5 (c), the core of the primary vortex was moving 
out of the illumination plane while the secondary vortex pairs of the lower shear layer 
was emerging. Finally, in Figure 5.3.5 (d), the vortex pairs at lower side braid appeared 
with sense of rotation opposite to those from the top braid region which appeared half 
a cycle earlier (Figure 5.3.5 (a)). From the above observation, it can also be concluded 
that the top and bottom row secondary vortices in the mode A regime are out-of-phase 
with each other. This situation is similar to the circular cylinder flows in the mode A 
regime (see Figure 5.3.6, Williamson 1996b), and is also in agreement to the finding of 
Luo et. al. (2003). In the present work, the waviness of the primary vortex cores is 
around the position where the secondary vortices are formed. This is also in agreement 
with the result of Williamson (1996b) for the case of circular cylinder.  
As seen in Figure 1.2.2 of Chapter one, the existence of vortex loops in mode A 
regime for the case of circular cylinder is clearly shown by Williamson (1996b). 
Williamson also pointed out that the vortex loops are self-sustaining and the 
subsequent growth of vortex loops is due to a feedback mechanism from one primary 
vortex to the next. In the present study, partly to confirm that a similar phenomenon 
exists in the wake of square cylinder, and partly to explore the feedback mechanism 
further, similar flow visualization was carried out. The results are shown in Figure 
5.3.7 where the flow is from left to right. In order to facilitate description, three 
consecutive primary vortex cores close to cylinder were marked as A, B and C. 
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Referring to vortex C, it can be seen from the video that while it was moving 
downstream, some flow was pulled out of it (Figure 5.3.7 (a) to (e)), and this flow 
moved upstream to cause a deformation in vortex B. Vortex B then in turn affected 
vortex A, and so on. (The above is similar to the feedback mechanism of vortex loops 
described by Williamson (1996b)). Generally, it was observed that a certain vortex 
would only influence a succeeding vortex when the former was still within the near 
wake flow region.  Indeed, when vortex C moved downstream to about 4 to 6 D from 
the back of the cylinder, the feedback effect which it imposed on vortex B became 
virtually unnoticeable. For ease of interpretation, a white dash line was drawn 5D 
downstream of the cylinder. At the same time, according to the PIV measurement 
made by Brede et al. (1996) the strength of streamwise vortices peaked at 6D 
downstream of the cylinder for the case of a circular cylinder. Combing this value with 
the results of flow visualization, it can be deduced that the origin of deformation is at 
around 4 to 6 D downstream of the cylinder. 
Finally, the evolution process of mode B instability is shown in Figure 5.3.8, 
and half a shedding cycle was covered. In Figure 5.3.8 (a), mushroom-like vortex pairs 
at the upper braid region were emerging and the spanwise wavelength is about 1D. It 
can be seen that the streamwise vortices in the mode B regime are clearer (better 
defined) than those in the mode A regime. In the next chapter it will be shown that the 
intensity of the secondary vortices in the mode B regime is much higher than those in 
the mode A regime, which probably explains the observation of better defined 
streamwise vortices in the mode B regime. In Figure 5.3.8 (b), the core of a primary 
vortex can be observed and the secondary vortices were moving downstream rapidly. 
During this process, the vortex cores of secondary vortices will be projected on the X-
Z plane. At this stage, the secondary vortices did not cause visible deformation to the 
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primary vortex core and therefore it is suggested that the formation of this mode may 
be less connected with the primary vortex. In Figure 5.3.8 (c), it can be quite clearly 
seen that it is the secondary vortices from the upper braid region that caused the 
deformation of the lower braid region. For the case of circular cylinder, this process is 
referred to as “imprinting” by Williamson (1996b) for the case of a circular cylinder 
wake. Comparing Figure 5.3.8 (d) with 5.3.8 (a), it can be seen that the mode B 
instability is an in-phase mode with both the upper and lower streamwise vortex pair 
having the same rotation at a given Z coordinate. This is in agreement with 
Williamson’s observation (1996b, see Figure 5.3.9) for a circular cylinder wake, Luo 
et al’s (2003) observation for a square cylinder wake, and is opposite to the “out of 
phase” relation observed in the mode A regime that was reported earlier. Also from the 
above observation, it can be suggested that there is stronger interaction between braid 
regions in the mode B regime than the mode A regime.  
 
 
5.4 Concluding Remarks for This Chapter 
 Flow visualization investigations revealed the existence of low-speed and high-
speed modes of vortex shedding in the wakes of square and circular cylinders. They 
are Reynolds number dependent and are associated with the transition process of the 
wake. Mode A and mode B instabilities were identified in square cylinder flows for the 
case of α=0°, 10° and 45°. For the case of α =0°, laser induced fluorescent dye 
visualization confirmed that in the mode A regime, the top and bottom streamwise 
vortices are out-of-phase mode, with a spanwise wavelength of about 5D. On the other 
hand, for the mode B instability, they are in-phase and the spanwise wavelength is 
about 1D. Indeed, stronger cross flow was observed in the mode B regime.  




















Note: The above two figures were taken from Zdravkovich (1997). 
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Figure 5.2.3 The vortex formation process in a circular cylinder wake at a Reynolds 
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Figure 5.2.4 The vortex formation process in a circular cylinder wake at a Reynolds 





     
 
 










       
 1     2 
 
       
 3     4  
 
        









Figure 5.2.5 The vortex formation process in a square cylinder wake at a Reynolds 
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Figure 5.2.6 The vortex formation process in a square cylinder wake at a 

















(a) Re=140 (b) Re=180 
 
(c) Re=260 
Figure 5.3.1. The wake of a square cylinder (extreme left of picture) at different Re and at α=0°. 
Cylinder was fitted with parallel plates near it ends (out of picture). Flow is from left to right. 




(a) Re=155 (b) Re=188 
  
(c) Re=244 (d) Re=331 
Figure 5.3.2 The wake of a square cylinder (extreme left of picture) at different Re and at α=0°. 






















(a) Re=110 (b) Re=170 
  
(c) Re=236 (d) Re=354 
Figure 5.3.3 The wake of a square cylinder (extreme left of picture) at different Re and at α=10°. 


















(a) Re=125 (b) Re=177 
  
(c) Re=288 (d) Re=388 
Figure 5.3.4 The wake of a square cylinder (extreme left of picture) at different Re and at α=45°. 


















Figure 5.3.5 LIF flow visualization of a cross flow plane downstream of a 
square cylinder, demonstrating the out-of-phase relation between the top and 
bottom streamwise vortices in the mode A regime (Re=175). Approximately 


















Figure 5.3.6 Video evidence of the “out-of-phase” vortex symmetry for mode A 
streamwise vortices in a circular cylinder wake, at Re=200 (Williamson 1996b).                                   
 









Figure 5.3.7 Time sequence pictures showing the development of vortex 
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(c)   
 
(d) 
Figure 5.3.8 IF flow visualization of a cross flow plane downstream of a 
square cylinder, demonstrating the in-phase relation between the top and 
bottom streamwise vortices in the mode B regime (Re=235). Approximately 
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Figure 5.3.9 Video evidence of in-phase streamwise vortex symmetry for mode B 
streamwise vortices in a circular cylinder wake, at Re=280 (Williamson 1996b). 
 
















 As we had learned in previous chapters, the critical Reynolds numbers which 
mark the inception of mode A instability and mode B instability were determined from 
hot film anemometry measurements, and the existence of these two instability modes 
were qualitatively confirmed by flow visualization. In this chapter, the wake of a 
square cylinder at different angles of attack will be quantitatively measured using the 
Particle Image Veclocimetry (PIV) technique. It is hoped that by analyzing these data, 
a deeper insight into the transition process and flow structures of a square cylinder 
wakes can be obtained.  
This chapter is divided into three sections. In the first section, a close scrutiny 
of the immediate wake (about 0 to 2.5 times of the projected width of the cylinder (D) 
downstream of the cylinder) was carried out. The vorticity contours and streamline 
patterns at different Reynolds numbers were obtained for the purpose of comparison in 
terms of vorticity strength, intensity and other values. The differences among the 
wakes at different flow regimes can also be identified by the differences in cross flow 
velocity, mean streamlines and mean vorticity contours at different Reynolds numbers. 
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In the second section, the wake of the cylinder at three incident angles was examined 
in the X-Y plane (a plane normal to the cylinder axis, see Figure 2.2.1). Vorticity and 
circulation of primary vortices were measured, and vortex spacing ratio and convection 
velocity were also determined. In the last section, the spatial structures and symmetries 
of streamwise vorticity were investigated. The differences between mode A and mode 
B instability were highlighted in terms of these structures, as well as quantitative 
measurement of vorticity and circulation.  
 
 
6.2 Vorticity Measurements in the Very Near Wake of a 
Square Cylinder at an Incidence of 0° 
The near wake flow in the X-Y plane (a streamwise plane normal to the 
cylinder axis) is the key to the understanding on how vortices are shed and what the 
associated mechanism is. At the same time, the configurations of the wake (spacing 
ratio and cross flow velocity magnitude etc.) can highlight the differences between 
various regimes. The usual approach in linear theoretical analysis is to solve for a 2-D 
flow in the X-Y plane, and then by imposing different disturbances, identifying the 
predominant instability mode at certain Reynolds number. This kind of analysis can 
explain why, if such a 2-D configuration is indeed formed, the presence of different 3-
D instability modes at different Reynolds numbers or the absence of any persistent 
mode when Reynolds number is below critical values. In the current PIV 
investigations, the wake has already become intrinsically 3-D when the Reynolds 
numbers reaches or exceeds Rec1. When compared with theoretical analysis, the 
current PIV measured data are not the starting point of a stability analysis, but the state 
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of a fully developed 3-D cylinder wake. There could therefore be some ambiguity 
between causes and consequences. Nonetheless, as will become clearer later, the 
present results not only shed light onto different flows, but also give some suggestions 
on why those differences occurred. 
Because the resolution of the required image is limited by the hardware, the 
size of the flow field is a compromise between the image scope (size of flow field 
investigated) and resolution. For the current work, the most downstream point 
investigated is about X=2.5D. Detailed information about the experimental set-up had 
been given in Chapter 2. In this section, the wake at four Reynolds numbers was 
investigated. The magnitudes of the Reynolds numbers are 138, 176, 243 and 380. The 
first two flows are in the laminar flow regime and mode A regime. The last two fall in 
the mode B regime.   
 
6.2.1 A Study of the Vortex Shedding Process 
 To investigate a square cylinder’s wake, instantaneous streamlines and vorticity 
contours of the von Karman vortices were obtained through PIV measurements. The 
plots of instantaneous streamlines and vorticity contours are also arranged according to 
the variation of cross flow velocity (V, the Y-component of the wake velocity). Later 
in this section and in the next section, it will be shown that the cross flow velocity can 
highlight the differences among different flow regimes. For completeness, we start off 
with the definition of vorticity. 




ϖ ∂ ∂= −∂ ∂ ,     (6.2.1) 
and the vorticity was calculated by using second order central difference scheme which 
is given as follows: 
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 1, 1, , 1 , 1( ) /(2 ) ( ) /(2 )z i j i j i j i jV V X U U Yϖ + − + −= − ∆ − − ∆ ,  (6.2.2) 
where X∆ and Y∆ are the grid spacing along the X- and Y- direction, respectively. 
Vorticity was then non-dimensionalized by the projected width of the cylinder 
(D) and the free stream velocity U0: 
     
0 /U D
ϖζ = ,      (6.2.3) 
where ζ  is the non-dimensional vorticity.  
The variation of cross flow velocity (V) with time at distances of 1D and 2D 
downstream of the cylinder and on the wake centerline (Y=0) is plotted in Figure 
6.2.1. Here V is normalized by the free stream velocity U0. For both downstream 
points, near perfectly periodic variations are observed which are typical of the laminar 
shedding regime. From Figure 6.2.1, it can be seen that there are more points 
clustering near the positions where V is at near its peak value. Because all points were 
separated evenly in terms of time, it can therefore be deduced that over a fairly 
substantial part of the shedding period, the wake cross flow velocity has a fairly large 
magnitude.  
The vorticity contours and streamline patterns at Re=138 are plotted in Figures 
6.2.2 (a-f) which covers half a shedding period (T) and has a time interval of 0.1 T 
between successive plots. Figure 6.2.2 is arranged in accordance to the variation of 
cross flow velocity at X=2D, with the first figure (a) corresponding to V at its 
maximum value (marked as point A in Figure 6.2.1) and the last figure (f) 
corresponding to the most negative in V (point B in Figure 6.2.1). By using such 
arrangement, instantaneous streamline patterns and vorticity contours can be related to 
the variation of wake cross flow velocity and therefore facilitates the understanding of 
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the interactions between the top and bottom row vortices. This in turn may shed light 
on how a 2-D wake evolves into a 3-D one.   
In this section, in the figures showing either the streamline or vorticity contour, 
the white rectangle on the extreme left is actually the rear part of the cylinder while the 
gray region below it is the cylinder’s shadow. Within the latter region no flow 
information was obtained. It should also be pointed out that the vorticity contours and 
streamline patterns would lose their accuracies around the boundary of cylinder and in 
the shadow region because of either a lack of data or the acquisition of less accurate 
data. Away from the above-mentioned regions no accuracy problem was encountered. 
From the streamline pattern in Figure 6.2.2 (a), it can be seen that a new 
circulating area around the upper rear corner is about to appear and this becomes 
obvious in Figure 6.2.2(b), which indicates the generation and growth of a new vortex. 
And from the streamline plot, two kinds of critical points, namely saddle point 
(marked as “S”) and cavity center (marked as “C”) can be also observed.  
For the convenience of description, the vortices in Figure 6.2.2 (a) (vorticity 
contour) are marked as “1”, “2”, “3”, with vortex 1 and vortex 2 belonging to the top 
vortex row and vortex 3 associated with the bottom vortex row. From the vorticity 
contour in Figure 6.2.2 (a), the saddle point, which is considered to be the separation 
point for the flow moving upstream/downstream or upwards/downwards, exists in a 
region which connects vortex 1 and vortex 2 along the X-direction, and the top and 
bottom rows of vortices along the Y-direction. It can also be seen that the center of 
cavity does not coincide with the center of the positive (counter-clockwise) vortex 
where the vorticity is a maximum. Instead, it deviates from the vortex center towards 
the oppositely signed vortex.   
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Although theoretically speaking interaction between the top and bottom 
vortices is a mutually influencing two-way effect, at certain point in the wake, one 
vortex can still be seen as the influencing one while the other one serves more as a 
recipient of the influences. Take Figure 6.2.2 (a) for example, the bottom vortex 
(vortex 3) can be seen as the influencing one at X=1D to 2D. At this moment, the wake 
centerline cross flow velocity at X=2D reaches its maximum value and therefore has 
the maximum momentum to affect the opposite vortex.  
In Figure 6.2.2 (b), the circulating area near the upper corner of the cylinder 
becomes bigger, and critical points move further downstream. From the vorticity 
contour, it can be seen that vortex 1 moves downwards from its original position in 
figure (a) towards vortex 3.  Meanwhile vortex 2 is forced further along Y-direction 
while it moves downstream at the same time.   
In Figure 6.2.2(c), the critical points disappeared. It is due in part to vortex 2 
moving out of the investigated region, and also to the increase in vortex convection 
velocity as a vortex moves downstream (recall that the streamline plots in Figure 6.2.2 
are those observed by an stationary observer). When vortex 1 moves downwards 
(towards the wake centerline), vortex 3 responded and moves upwards (also towards 
the wake centerline), and in doing this, displaces vortex 2 further in the positive Y-
direction. Thus the braid region, which connects vortex 1 and vortex 2, is stretched in 
both the upstream and downstream direction and therefore, vorticity becomes even 
smaller as the process continues. Later in this section, it can be seen that the existence 
of a substantial region of low vorticity only appears at low Reynolds regime (laminar 
regimes and part of mode A regime) in which the influence of cross flow velocity is 
less prominent. It is also called the “low-speed vortex shedding mode” in the study of 
circular cylinder wakes. When Reynolds number increases, “high-speed vortex 
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shedding mode” will appear which is characterized by the existence of high cross flow 
velocity (Zdravkovich (1997), Green and Gerrard (1993)). 
At a time between Figure 6.2.2 (c) and (d), the cross flow velocity at X=2D 
decreases to zero.  This means that the flow from the lower side has lost all the 
momentum, and that the flow from the upper side will begin to emerge as the 
influencing force at around X=2D. 
 In Figure 6.2.2 (e), a new circulating area appears at the rear lower corner of 
the cylinder. Correspondingly, a new saddle point was formed nearby. Similar 
phenomena were observed by Perry et al (1982), and Williamson (1996a) rephrase this 
as “the birth of each new circulating region is characterized by the formation of a new 
saddle point in the streamline topology”. Also from the vorticity contour, it can be seen 
that vortex 3 at the bottom row was pushed downstream from X=1D to 2D and there is 
no visible connection between vortex 1 and vortex 2 which has already moved out of 
sight.  
In Figure 6.2.2 (f), the cross flow velocity at X=2D reaches its most negative 
value, and the upper side flow with the maximum momentum will act as influencing 
force. It can be seen that Figure 6.2.2(f) is the mirror image of Figure 6.2.2 (a), which 
was recorded half cycle earlier.  
Similarly, cross flow velocity variations with time at Reynolds numbers of 176, 
243 and 380 are shown in Figures 6.2.3, 6.2.5 and 6.2.7, respectively. Their 
corresponding instantaneous streamline patterns and vorticity contours are shown in 
Figures 6.2.4, 6.2.6 and 6.2.8, respectively. Five sets of streamlines/vorticity contours 
data are shown for each Re case, with consecutive set separated by a time difference of 
0.125T. Together the data cover half a shedding cycle. Similar to the case of Re=138, 
the sequence of instantaneous figures are arranged in accordance to the variations of 
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the cross flow velocity at X=2D; with the first figure corresponding to a maximum in 
V at X=2D (marked as “A” in the Figures 6.2.3, 6.2.5 and 6.2.7) and with the last 
figure corresponding to a minimum in v (marked as “B” in Figures 6.2.3, 6.2.5 and 
6.2.7). For all the vorticity contours, the cut-off value, namely the lowest vorticity 
shown in figures, is about ±0.6. 
In Figure 6.2.3, at Re=176 which is in the mode A regime, the variation of 
cross flow velocity becomes less regular than when Re=138. In Figure 6.2.4, the 
scenario is similar to the case of Re=138 in that there is still a substantial low vorticity 
area that connects two successive vortex centers. According to the classification 
proposed by Zdravkovich (1997), the flow is still in a low-speed vortex shedding 
model.   
In Figure 6.2.5, for the case of Re=243 which is in the mode B regime, the 
cross flow velocity becomes more regular when compared to the case of Re=176. The 
amplitude of cross flow velocity at X=2D was noted to become quite large and is 
almost comparable with the free stream velocity. From the instantaneous vorticity 
contours, it is clear that the flow has become the high-speed vortex shedding type and 
as described by Gerrard (1966) “Turbulent eddies grow and develop almost in a 
stationary position for one half of shedding period until they are strong enough to draw 
the other shear layer across the wake so that the subsequent eddy is cut-off from a 
further supply of the circulation. Hence the latter is being shed from the cylinder at this 
stage”. 
For the case of Re=380 (Figure 6.2.7), the cross flow velocity becomes less 
orderly again. Although both Re=243 and 380 (present case) belong to the high speed 
vortex shedding mode, the vortex formation length looks larger at Re=380.  
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From the above description, it can be seen that cross flow velocity plays an 
important role in vortex shedding. In the next section, more discussions based on the 
cross flow velocity will be presented. At the same time, mean flow fields at different 
flow regimes will also be discussed.   
 
6.2.2 Cross Flow Velocity Variations at X=1D and X=2D 
 Besides understanding the shedding process in a cylinder wake, investigations 
in the cross flow velocity at different Reynolds numbers may also shed some light on 
what causes the differences in flow symmetries between mode A and mode B 
instability. From published literatures and flow visualization results reported in the 
previous chapter, it is known that streamwise vortices in the mode A regime have an 
out-of-phase pattern, (streamwise vortices from the top and bottom rows are out of 
phase with each other), while in the mode B regime streamwise vortices have an in-
phase pattern (streamwise vortices from the top and bottom rows are in phase with 
each other). Also, by analyzing results obtained via the Laser-Induced-Fluorescent 
(LIF) technique (described in last chapter), it was noted that a strong interaction exists 
between the top and bottom streamwsie vortices in the mode B regime, but the same 
interaction was rather weak in the mode A regime. It is hoped that the quantitative 
measurement of cross flow velocity will complement the flow visualization results and 
lead to a better understanding of a square cylinder wake. 
 To aid subsequent discussion, two new terms are introduced. Here, we use “Vi” 
to represent influencing velocity and “Vp” to represent for penetrating velocity. In fact, 
both Vi and Vp are cross flow velocity but at different time. At an arbitrary point above 
the wake centerline (i.e. in the positive Y region), when V is larger than zero, it means 
that this point is subjected to the effect of upward flow. The upward flow can be 
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interpreted as the penetration effect of the bottom vortex row. Therefore, this cross 
flow velocity at this instant is designated as a penetrating velocity (Vp). On the other 
hand, if V is less than zero, it means that the flow above the wake centerline is 
gathering energy and getting ready to influence the region below the wake centerline. 
Thus the cross flow velocity at this moment is referred to as an influencing velocity 
(Vi). In short, in the region above the wake center line (Y>0), the cross flow velocity V 
is a Vp if V×Y>0, and a Vi if V×Y<0. For points below the centerline, the definitions 
of Vp and Vi are the same. A velocity V is defined as a penetrating velocity (Vp) when 
V×Y>0 and as an influencing velocity (Vi) when V×Y<0. Right on the wake 
centerline, Vp and Vi are identical. 
 Once again, it should be pointed out that the interaction of vortices from the 
two sides of the wake centerline is a two-way thing. Therefore Vp and Vi cannot be 
strictly treated as a pure penetrating force or an influencing one. Yet by dividing the 
cross flow velocity into Vi and Vp, the interaction between vortices is presented more 
clearly. More importantly, the variation of the maximum value of Vi and Vp with 
Reynolds numbers can highlight the differences among different regimes. 
 In this section, the cross flow velocity at X=1D and X=2D are analyzed. At 
each X-position, the variation of cross flow velocity normalized by free stream 
velocity (U0) at Y=0, Y=0.5D, Y=1D, Y=1.5D and Y=2D are plotted. Figures 6.2.9 to 
6.2.16 are such plots at Re=138, 176, 243 and 380. Same as the observation made from 
Figures 6.2.1, 6.2.3, 6.2.5 and 6.2.7, the fluctuation of cross flow velocity in the 
laminar regime (Re=138) is near perfectly periodic, it becomes less regular in the 
mode A regime (Re=176) and regains some regularity in the beginning stage of mode 
B regime (Re=243). Finally the cross flow becomes less orderly again when Reynolds 
number increases further to 380. Although the above-mentioned differences for the 
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cross flow velocity patterns among difference flow regimes are less distinct than their 
counterpart of streamwise velocity (see in Chapter 4), the similar trend is still 
noticeable.  
 In Figure 6.2.17, the variation of Vimax (maximum value of Vi) with Reynolds 
number at X=1D is plotted. It can be seen that Vimax at Y=0 increases from about 4.5 to 
5.5 when Reynolds number increases from 138 to 243. Then the value drops to 0.37 at 
Re=380. Curves at other Y-coordinates also more or less share this trend, although 
some peaks at Re=176. At a certain Re, Vimax decreases with increase in Y. Overall, 
there is no significant difference among different regimes and the variation of Vi is 
quite smooth.  
For the case at X=2D (Figure 6.2.18), Vimax at Y=0 peak at around Re=243 
which is in the mode B regime. At other (Y/D)’s, Vimax either varies little or exhibit a 
gradual trend.   
In Figure 6.2.19, the variation of Vpmax (maximum value of Vp) with Reynolds 
number at X=1D is plotted. It is observed that for Y/D=0 and 1, Vpmax peaks at 
Re=243. For Y/D=0.5D, Vpmax peaks at Re=380, while for Y/D =1.5 and 2, Vpmax 
varies relatively little.  
The most interesting scenario occurs when the variation of Vpmax is plotted 
against Re at X=2D (Figure 6.2.20). This is also because X=2D is close to the length 
of the mean wake re-circulation bubble (Xr), which is roughly the distance (from the 
back of the cylinder) the von Karman vortices will roll up and cross the wake 
centerline for the first time. (The results on Xr measurement will be discussed in the 
next section). Therefore Vp at this point can reflect the extent of interaction between 
vortices more accurately. In Figure 6.2.20, at Y=0, Vpmax has the same magnitude of 
0.67 at both Re=138 (laminar) and Re=176 (mode A). Vpmax then increases to 0.85 at 
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Re=243 (mode B), and then decreases to 0.74 at Re=380 (mode B) which is still larger 
than its magnitude at Re=138 and Re=176. This indicates that at this X-position the 
interaction between the top and bottom rows of vortices becomes stronger in the mode 
B regime when compared to the laminar and mode A regime. More significantly, at 
Y=0.5D, Vpmax almost doubles its magnitude when Reynolds number increases from 
176 to 243, which reflects that the penetrating effect at Re=243 is much stronger than 
that at Re=138 and 176. The value of Vpmax at Re=380,  though smaller than that of 
Re=243, is still 1.5 some times larger than at Re=138 and Re=176. This trend remains 
so till approximately Y=2D.  
From the above discussions, it can be seen that by comparing Vpmax, the 
difference among different regimes becomes clearer. In the mode B regime, vortices 
are more exposed to the effect from the opposite sign vortices. This also helps to 
explain why the “imprinting” process proposed by Williamson (1996b) only appears in 
mode B regime. This subsequently results in the “in-phase” relation between the top 
and bottom rows of streamwise vortices reported earlier.  
  
6.2.3. Mean Flow Fields and Some Comments on Regimes 
Based on Cpb-Re Plot 
 Mean vorticity contours at Re=138, 176, 243 and 380 are shown in Figure 
6.2.21. The mean vorticity contours are obtained by averaging the instantaneous 
vorticity over 2 flow cycles that reflect the overall effect of vortex shedding. In 
interpreting these figures, it should also be noted that due to the inherent nature of the 
data acquisition method, the value of vorticity near the boundaries of the cylinder and 
the shadow region is less accurate. For the rest of the region, two vortices which are 
symmetric in shape and opposite in sign (direction of rotation) can be observed in each 
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figure. The re-circulation length of mean flow can be estimated by plotting the mean 
streamline patterns as shown in Figure 6.2.22. In Figure 6.2.23, the re-circulation 
length from the present PIV measurement (Xr/D) is compared with the results of 2-D 
simulation carried out by Robichaux (1997). From the 2-D simulation, Xr/D decreases 
monotonically as the Reynolds number increases, but begins to level off at about 1.5 at 
approximately Re=175. Within the overlapped Re region, the present PIV 
measurement is generally in agreement with the 2-D simulation. The present results 
indicate that Xr/D increases at Re>250, and at Re=380, Xr/D is significant larger at 
approximately 2.  
Because the maximum of Reynolds number for the 2-D simulation is only 225 
and only four data points are available from the current PIV measurement, one needs 
some extra information for a more complete review on current Reynolds number 
range. Comparing to the case of circular cylinder wake, the experimental data (such as 
re-circulation length, coefficient base pressure etc.) for square cylinder, especially at 
low Reynolds number are very scanty. Considering that there are similarities between 
the wake of square cylinder and the wake of circular cylinder, by relating the current 
research with those on circular cylinder, at least a qualitative picture about square 
cylinder wake can be formed in the low Reynolds number regimes.    
 In the previous few chapters, the division of flow regimes was based on the S-
Re curve with the two discontinuities indicating the inception of mode A and mode B 
instability. For the case of a circular cylinder wake, another method to identify 
different flow regimes that is based on Cpb-Re plot was proposed by Roshko(1993). 
When compared with the drag coefficient (CD), the base pressure coefficent Cpb is 
more sensitive to the change in the Reynolds number (see Figure 6.2.24).   
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 It is striking that there are two critical points in the Cpb-Re curve, point B 
(Re≈180) and point C (Re=260), which almost coincide exactly with the two critical 
points appearing in the S-Re curve.  Roshko (1993) commented that “The local 
maximum at C may correspond to saturation of primary instability growth. The effect 
of the secondary structure on this maximum is not known, nor is the significance of the 
local minimum between B and C.” On the other hand, Williamson (1996a) has 
associated the peak in base suction at Re=260 with the peak in Reynolds stresses in the 
near wake and that the streamwise vortex structure has become highly ordered. At the 
same time, it is known that for the case of a circular cylinder wake, the length of the 
re-circulation region (Xr) is inversely proportioned to the base suction (-Cpb). 
Therefore a monotonic decrease in Xr will be found in laminar region, and one may 
observe this trend during the mode A regime in the presence of fine structure of 
streamwise vortices. After the second critical number (point C in Figure 6.2.24), Xr is 
expected to become larger with the increase in Reynolds number. Since all the 
information on square cylinder wake obtained so far have suggested a resemblance 
between circular and square cylinder wakes (although quantitatively magnitudes of 
important parameters like Rec1 and Rec2 are different), it is perhaps not unreasonable 
for one to expect the approximate relation Xr∝ 1/ -Cpb which had more or less been 
verified for a circular cylinder wake to be also applicable to a square cylinder wake. 
Based on the square cylinder Xr/D versus Re data measured (Figure 6.2.23), one can 
therefore approximately “predict” the trend of the -Cpb versus Re relation for a square 
cylinder. Based on the acquired Xr/D data, we expects the value of -Cpb will increases 
continuously with Reynolds numbers till Rec1 (about 160), and probably a drop in -Cpb 
will be observed around that region (which is likely to related to the inception of mode 
A instability).  After that, -Cpb will continue to increase from that point till Re reaches 
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Rec2 (about 204), then a monotonic decrease in -Cpb will be observed with an 
increasing Reynolds numbers up to about Re=400. The above “predicted” trend in -Cpb 
versus Re will obviously need to be validated by measured data in the future.  
 
 
6.3 Measurements of Vortex Street Parameters in the 
Wake of a Square Cylinder at Different Incidences 
 In the last section, the vortex-shedding process in the wake of square cylinder 
with zero-degree incidence was discussed in details. Cross flow velocity measurement 
at different Reynolds numbers was also carried out, which provided some explanations 
for the differences of symmetry between mode A and mode B instabilities. In this 
section, some wake parameters of a square cylinder at three different incidences (0°, 
10° and 45°) will be presented. These parameters include the vortex spacing ratio, 
vorticity at vortex centers and the circulation of vortices. 
 Because the focus in this section is on the measurement of vortex structures, 
wake region’s larger than those reported in the last section were investigated. For all 
three incidences, flow at four Reynolds numbers was measured, and they were within 
the laminar regime, mode A regime and mode B regime (two Re’s). Inclined end plates 
(16° to 18°) were installed at the ends of cylinder, which are designed to trigger and 
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6.3.1 Vortex Spacing Ratio of Vortex Street 
 Although von Karman was not the first person to observe the existence of wake 
oscillations, he was the first one to view this as an intrinsic phenomenon of flow 
around a bluff body. von Karman not only analyzed the stability of vortex street 
configurations, but also established a theoretical link between the vortex street 
structure and the drag on body, Among those important vortex street parameters 
proposed by von Karman, the spacing ratio (b/a) is the most fundamental and 
important one. Here a is the vortex spacing between consecutive vortices in the same 
row, and b is the distance between vortex rows. 
 Diao (1998) has measured the spacing ratio of vortex street in the wake of 
cylinders with different cross-sectional geometries. The spacing ratio was obtained 
from streamline patterns in which vortex convection velocity (which Diao assumed to 
be 80% of free stream velocity in his calculations) had been removed. In reality, the 
relations between the positions of cavity centers in streamline patterns and that of 
vortex centers are very complicated and they do not necessarily coincide all the time. 
In the present investigation, the spacing ratio is estimated from vorticity contours 
rather than streamline patterns, which is considered to be more accurate.  
In the present investigation, either 3 or 4 cycles of vorticity contours were 
recorded, with about 20 to 30 sets of data for each cycle. One pair of vortex centers 
was traced when the recorded data were arranged in time sequence. Therefore the 
position and vorticity of vortex centers at each time instant can be obtained. The traced 
vortex centers’ positions for α =0° at 4 different Reynolds number are plotted in Figure 
6.3.1. There are some common features among them. Initially, when vortex centers are 
very close to the cylinder, the spatial distance between the bottom and top rows of 
vortices is relatively large, Then this distance becomes smaller near the downstream 
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end of the re-circulation area, which marks a strong interaction between the two vortex 
rows. (In order to obtain typical spatial ratio values, only data outside the re-circulation 
region were used.) Spacing distance between the vortex rows (b) is equal to the sum of 
Hu (the average distance between the top row of vortex centers to the wake centerline) 
and HL(the average distance between the bottom row of vortex centers to the wake 
centerline).  Averaged distance between vortex rows was used for the calculation of 
spacing ratio. At the same time, for each case, eight sets of inter-vortex distances for 
successive vortices in the same row were measured in order to obtain a typical value of 
a. The definitions of various spatial parameters are shown in Figure 6.3.2. Tables 6.3.1 
to Table 6.3.4 present the results of spacing ratio for the case of square cylinder at 
α=0°, 10°, 45° and circular cylinder, respectively. In addition, the variations of spacing 
ratios (b/a) with Reynolds number were plotted in Figure 6.3.3. It can be seen that for 
all the cases investigated, the spacing ratio (b/a) is quite different from the von Karman 
proposed value of 0.281. On the other hand, even with experimental uncertainties 
taken into consideration, some common features can be found among the wakes of 
different bluff bodies. Most noticeably, the spacing ratio in the mode A regime are 
normally larger than those in the mode B regime. In fact, because the distance between 
consecutive vortices in the same row (a) is only varying within a narrow range (about 4 
to 4.5 times of the projected width (for square cylinder) or diameter (for circular 
cylinder)), the distance between vortex rows (b) is the decisive factor in accountting 
for the differences in spacing ratios among those different cases. According to the 
current investigations, the measured distance between vortex-rows at mode A is the 
largest among all cases investigated. This suggests a weak cross flow and is consistent 
with the measurements of y-component velocity reported in section 6.2.2 (see Figures 
6.2.19 and 6.2.20).  
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From the results of spatial ratio shown in Figure 6.3.3, it can be said that 
generally the spacing ratio for the square cylinder (at α=0°) is larger than that of 
circular cylinder. This suggests a wider wake for the case of square cylinder. For the 
square cylinder, the spacing ratio is observed to increase with angle of attack.  
Re 138 176 231 391 
a/D (averaged) 4.632 4.653 4.482 4.211 
Hu/D (averaged) 0.399 0.445 0.306 0.387 
HL/D (averaged) 0.482 0.563 0.326 0.487 
 b/D (=(Hu+ HL)/D) 0.881 1.008 0.631 0.874 
b/a 0.190 0.217 0.141 0.208 
 
Table 6.3.1 Vortex spacing ratios for the wake of square cylinder at α =0°. 
 Re 125 182 265 405 
a/D (averaged) 4.208 4.065 3.883 3.961 
Hu/D (averaged) 0.409 0.601 0.193 0.199 
HL/D (averaged) 0.403 0.643 0.166 0.258 
b/D (=(Hu+ HL)/D) 0.812 1.244 0.359 0.457 
b/a 0.192 0.306 0.092 0.115 
Table 6.3.2 Vortex spacing ratios for the wake of square cylinder at α =10°. 
Re 107 148 230 388 
a/D (averaged) 4.591 4.121 4.484 4.057 
Hu/D (averaged) 0.334 0.530 0.512 0.376 
HL/D (averaged) 0.274 0.621 0.531 0.381 
b/D (=(Hu+ HL)/D) 0.608 1.151 1.052 0.656 
b/a 0.132 0.366 0.235 0.162 
 
Table 6.3.3 Vortex spacing ratios for the wake of square cylinder at α =45°. 
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Re 150 200 275 362 
a/D (averaged) 4.352 4.213 4.155 3.924 
Hu/D (averaged) 0.328 0.436 0.138 0.278 
HL/D (averaged) 0.314 0.454 0.129 0.314 
b/D (=(Hu+ HL)/D) 0.642 0.890 0.267 0.592 
b/a 0.147 0.211 0.064 0.159 
 
Table 6.3.4 Vortex spacing ratios for the wake of circular cylinder. 
. 
 
6.3.2. Vortex Convection Velocity and Vortex Strength in the 
Near Wake 
 In order to obtain a streamline pattern that explicitly displays the von Karman 
vortex street, it is common to plot the vortex street with the convection velocity of the 
vortices removed. From different literatures, the wake vortices convection velocity is 
usually taken as about 60% to 70% of the free stream velocity. Although it is known 
that the convection velocity is relatively low (due to the existence of re-circulation 
region in the near wake) when the vortices are very close to the back of the cylinder, 
and will approach a higher constant value further downstream, detailed quantitative 
figures are still lacking. In this section, the vortex convection process will be explored 
in some details and results are presented.  
Similar to the last section, the convection of one arbitrary pair of vortices was 
monitored in order to obtain a reasonably meaningful magnitude of the vortex 
convection velocity in the wake of square cylinder at α =0°. In Figure 6.3.4, the 
magnitudes of the X coordinates of the vortex centers were plotted against non-
dimensional time T* (non-dimensionalized by free stream velocity U0 and projected 
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width D, i.e. T*=t/(D/ U0)). The convection velocity can therefore be calculated from 
the gradient of the X/D versus T* plot. From Figure 6.3.4, it is shown that the 
convection process of vortices could be divided into two parts: an inactive region with 
very low convection velocity and one with constant convection velocity. At the very 
near wake (about 0 to 2D downstream of the cylinder), the convection velocity of the 
vortices is very small, and sometimes can be zero or even negative (momentary 
upstream movement). This suggests that the vortices are in a stage of growth and 
formation. After the vortices are fully formed and ready to be shed from the cylinder, 
the convection velocity maintains a roughly constant value (the gradient of the curve 
shown in Figure 6.3.4 is the convection velocity). The best-fit curves shown in Figure 
6.3.4 are the linear regression results for the experimental data (X>4D). The 
convection velocity for Re=138, 176, 231 and 391 are 0.732, 0.687, 0.728, and 0.647 
times the free stream velocity, respectively. To show the effect of convection velocity, 
we take the wake of square cylinder (α =0° and Re=176) as an example for illustration. 
Figure 6.3.5 shows the effect of convection velocity: figure (a) is a vorticity contour at 
Re=176, figure (b) is the corresponding original streamline pattern and figure (c) is the 
streamline pattern when the vortex convection velocity (0.687 times of free stream 
velocity, obtained from Figure 4.3.4(b)) is removed. Critical points, such as saddle 
points and center points of cavity become noticeable after the removal of convection 
velocity, thereby facilitating the study of von Karman vortices’ configurations.   
Vorticity at the center of traced vortices is shown in Figure 6.3.6. It can be seen 
that the absolute value of vorticity slightly diminishes as the vortices moves 
downstream. Yet the value of vorticity can be considered as approximately constant 
(the rate of reduction is very small) from about 2D to 6D downstream of the cylinder. 
The strength of von Karman vortices (circulation of vortices) can be calculated by 
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integrating the vorticity over the area of vortices. The strength of vortex is non-
dimensionalized by U0 D, and is expressed as ΓKM (ΓKM =K/ πU0D, where K is 
dimensional strength). The method to determine the boundary of a single vortex is the 
same as the one proposed by Wu et al (1994b): The boundary of an individual vortex 
can be approximated as the location where the vorticity magnitude falls to 10% of its 
peak value. The averaged peak values of vorticity and vortex strength for various 
cylinders are plotted in Figure 6.3.7 and Figure 6.3.8, respectively. It can be seen from 
Figure 6.3.7 that the approximate trend of the peak value of the vorticity of the von 
Karman vortices is one that increases with Reynolds number. In Figure 6.3.8, the 
average circulation of the von Karman vortices is typically between 0.8 to 1.2, with a 
slight reduction trend with increasing Reynolds number. At the high Re end of the 
investigated range (about 400), the wake is relatively more turbulent, and due the 
effects of diffusion, the circulation of each vortex becomes noticeably smaller. 
So far, the primary vortices have been investigated in detail. Some differences 
among various flow regimes are highlighted via the measurement carried out, and this 
paves the way for a better understanding of transition mechanism of the wakes of 
cylinders. In the next section, the secondary vortices, namely the streamwise vortices 
will be studied in greater detail.  
 
   
6.4 The Study of Secondary Vortices in the Cylinder 
Wake 
 With Particle Image Velocimetry (PIV), it becomes possible to acquire full 
quantitative information on the instantaneous flow field without disturbing the flow. 
The aim of the present section is to investigate the structure and the development of 
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secondary vortices in the wake of a square cylinder in the transition Reynolds number 
regime. The cylinder was inclined at three different angles of attack (0°, 10°, 45°) to 
the flow, and three Reynolds numbers were chosen for each case. The first Re is in the 
mode A regime, and the other two are in the mode B regime (to distinguish them, they 
are referred to as mode B1 and mode B2). Same as the previous sections, inclined 
endplates (16° to 18°) were installed at the ends of cylinder to trigger and maintain 
parallel shedding. Thus, end effects, if any, are assumed to be kept to a minimum.  
 The 3-D secondary vortices can conceptually be described as embedded in the 
primary vortices. They can therefore be observed both in the X-Z plane and Y-Z plane 
as illustrated in Figure 6.4.1. Due to the limitation of the current experimental set-up, it 
is only possible to measure the Y-component vorticity of the secondary vortices (ωy) 
on a X-Z (Y=0) plane. This is similar to the results reported in Wu et al (1994b, 
1996b) for the case of a circular cylinder wake. In their papers, secondary vortices are 
also referred to as longitudinal vortices.  
 The focus of the present investigation is on the spatial structure and temporal 
evolution of the secondary vortices and their variations with changes in either the 
Reynolds number or the cylinder angle of incidence. There are two parts in this 
section: The first part is about the measurement of secondary vortices, while the 
second part includes detailed discussions of the results obtained and some comments 
on the mechanism of mode A and mode B instabilities. 
 
6.4.1 Measurements of Secondary Vortices 
 For the current investigation, about 1600 velocity vectors (41×42) for each 
recording were generated. In order to maintain the required resolution level, it was 
designed to include four to six streamwise vortices along the span. From the flow 
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visualization results, the wavelength of streamwise vortices was estimated, which 
provides some guidance for the setting up of the image scope. Because of the much 
larger wavelength in the mode A regime, here a spanwise length of about 10 times the 
projected width of the cylinder (D) for the mode A regime, and a spanwise length of 
about 3 times D for the mode B regime were chosen. Similar to the setting of Wu et. 
al. (1996b), the field of measurement is from 2D downstream of the cylinder which is 
close to the boundary of the recirculation region. The Reynolds numbers chosen for the 
current investigation are shown in Table 6.4.1. 
 
 Mode A Mode B1 Mode B2 
α =0° 183 228 377 
 α =10° 176 269 436 
α =45° 164 227 396 
  
Table 6.4.1 Reynolds numbers for the measurement of secondary vortices. 
 
In order to compare with the primary vortices, these Reynolds numbers are 
chosen as close as possible to the values used in the last two sections. Figures 6.4.2 to 
6.4.10 show the streamline patterns and vorticity contours of the longitudinal vortices. 
For all the figures, the velocity vectors were obtained in a frame of reference moving 
at 60% of the free stream velocity (U0). There are some common features in these 
figures: longitudinal vortices are arranged along a line that is parallel to the axis of the 
cylinder;and the sign of vortices alternates along the spanwise direction.  Despite those 
similarities, vortices in the mode A and mode B regime can be distinguished by other 
characteristics, and these common/different features that exist in different flow regimes 
appear to be independent of the cylinder’s angle of incidence. 
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Take the case of α =0°, for example. The most noticeable difference between 
mode A and mode B instability is the type of symmetry. Secondary vortices in the 
mode A regime are in a staggered arrangement along the X direction, that is the 
vortices will change the sense of rotation every half a shedding cycle which is also 
referred to as odd reflection-translation symmetry (odd RT symmetry in short) by 
Robichaux et al (1999). On the other hand, streamwise vortices in the mode B regime 
have an in-line arrangement (the sense of rotation remains the same along the X-
direction), which is an even RT symmetry. These distinctions can be observed from 
the vorticity contours in Figure 6.4.2 (b) and Figure 6.4.3 (b). In Figure 6.4.2 (b), the 
Reynolds number is 183 which is in the mode A regime, it can be seen that at a given 
Z-coordinate, the longitudinal vortices (at different X/D) have the same sign, which 
suggests that the sense of rotation changes every half a shedding cycle (a sketch is 
given in Figure 6.4.11 (a) to show the relations between the sense of rotation and the 
sign of vorticity). In contrast, the sign of vorticity at fixed Z-coordinate in Figure 6.4.3 
(b) (Re=228, in mode B regime) alternates every half a shedding cycle, which in turn 
denotes that the sense of rotation remains the same (see Figure 6.4.11(b)).  
Also, at a certain X-coordinate and along the Z-direction, the spacing between 
the vorticity peaks is generally constant. This suggests that there is a representative 
wavelength (λ) for each mode. It can be seen that the spanwise wavelength for mode A 
is around 5 D (Figure 6.4.2 (b)) while for mode B it is about 1D (Figure 6.4.3 (b)) and 
Figure 6.4.4 (b)). Another distinction is seen from the streamline patterns:  In the mode 
A regime (Figure 6.4.2 (a)), the centers of cavity in the instantaneous streamline plot 
are not very obvious and this is partially due to a relatively low magnitude of the 
vorticity. In contrast, in the mode B regime (Figure 6.4.3 (a) and (Figure 6.4.4 (a)) 
there are clear centers of cavity of peak vorticity which suggests that the intensity of 
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vortices is quite strong and the flow around those points are experiencing intensive 
straining effect and spinning in opposite directions to the adjacent flow/vortices. 
Detailed data will be shown later in this section. The results for the square cylinder 
wake at α=10° and α=45° are shown in Figures 6.4.6 to 6.4.10, and similar 
characteristics were observed. All the above observations have been verified or 
supported qualitatively by flow visualization (see Chapter 5, particularly in Figures 
5.3.5 and 5.3.8 for α=0°), and are consistent with the PIV measurements for the case of 
the circular cylinder (Brede et al. 1996, Wu et al. 1994b, 1996b). It therefore indicates 
the great similarities between the wakes of different cylinders. Most of the present 
results are also found to be in agreement with the theoretical results of a square 
cylinder wake by Robichaux et al (1999). However, the existence of a third mode 
(mode S) in the wake of square cylinder, which is a double-periodic mode that was 
reported by Robichaux et al (1999), has not been observed in the current investigation 
and the cause of this difference remains unclear. Luo et al. (2003) also noted this 
problem, and they suggested that when mode S appears, the mode B is also present, 
therefore a pure form of mode S is difficult to distinguish from the base flow. 
In order to study the relations between the primary and secondary vortices, the 
peak value of vortices and their circulations were measured. The Y-component of the 
secondary vortex vorticity (ωy) is non-dimensionalized by D and U0 
( 0/( / )y y U Dζ ω= ) and the circulation Ky is also non-dimensionalized by D and U0 
( 0/y yK DUπΓ = ). For each case, about 40 sets of data were averaged to obtain the 
representative value of peak-vorticity and its corresponding circulation. The variations 
of the maximum value of each recording over different sets of data are shown in 
Figures 6.4.12 to 6.4.17. It can be seen that the data in mode B regime is generally 
more scattered than those in the mode A regime. The final results are shown in Table 
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6.4.2, which also includes the magnitude of primary vortices which is the averaged 
value measured between X=2D to 6D). 
 
    Primary vortices Secondary vortices 
Regime Re ζz Γz Re ζy Γy 
Laminar 138 1.80±0.05 1.05±0.03    
Mode A 176 1.87±0.07 1.17±0.03 183 0.62±0.03 0.28±0.01 
Mode B1 231 2.39±0.07 1.09±0.02 228 2.68±0.16 0.12±0.01 
Mode B2 391 2.30±0.13 0.94±0.06 377 4.13±0.16 0.17±0.01 
(a) α =0° 
  Primary vortices Secondary vortices 
Regime Re ζz Γz Re ζy Γy 
Laminar 125 1.70±0.08 0.99±0.04    
Mode A 182 2.14±0.14 0.94±0.07 176 0.59±0.02 0.36±0.01 
Mode B1 265 2.39±0.08 1.01±0.02 269 3.51±0.23 0.13±0.01 
Mode B2 405 2.56±0.13 0.83±0.03 436 4.24±0.20 0.11±0.01 
(b) α =10° 
  Primary vortices Secondary vortices 
Regime Re ζz Γz Re ζy Γy 
Laminar 107 1.48±0.05 1.04±0.01    
Mode A 148 1.49±0.06 0.93±0.01 164 0.68±0.07 0.29±0.01 
Mode B1 230 1.82±0.08 0.98±0.02 227 3.22±0.13 0.21±0.02 
Mode B2 388 1.30±0.08 0.75±0.05 396 4.84±0.23 0.17±0.01 
     (c) α =45° 
Table 6.4.2 The peak values of vorticity and circulations for primary and 
secondary vortices. 
 
The above data are also plotted in Figures 6.4.18 to 6.4.20. When compared to 
the data of the primary vortices, the secondary vortices data (in particular the vorticity 
data ζy) change dramatically with the variation in the Reynolds number. In the mode A 
regime, ζy is considerably smaller (about 1/3 to 1/2 of ζz.), and the corresponding Γy is 
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about 1/3 to 1/4 times the magnitude of Γz. In the mode B regime, ζy becomes much 
larger (larger than ζz) and increases with Reynolds numbers. At Re=400, ζy can be 
about double the magnitude of ζz.  At the same time, although the magnitude of ζy in 
the mode B regime is much larger than its counterpart in the mode A regime (4 to 6 
times), the corresponding Γy is much smaller and is only half of the magnitude of Γy in 
the mode A regime. It can be deduced that the secondary vortices in the mode A 
regime are larger in size but weaker in intensity when compared to those in the mode B 
regime. The above results are consistent with those for the circular cylinder wake: 
Brede et al. (1996) found that the circulation of mode A vortices is twice that of the 
mode B (Γx=0.3 at 160<Re<240 and Γx=0.16 at Re>240); while Wu et al. (1994b) 
observed that Γy/Γz is about 0.11 at Re=525.  
Because the variations of the primary vortices’ data with Reynolds number are 
quite smooth, in order to compare the primary and secondary vortices directly, 
interpolation and/or extrapolation were used to obtain the data at the required Reynolds 
numbers. A summary of the present data (square cylinder) and some available data of 
circular cylinder wake are tabulated in Table 6.4.3. The purpose of Table 6.4.3 is to 
provide a collective view of differences in vorticity and circulation in different flow 
regimes rather than a direct comparison between a square cylinder wake and a circular 
cylinder wake. From Table 6.4.3, it can be seen that the variation of the vorticity and 
circulation of secondary vortices for the case of circular cylinder is in accordance with 
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ζy/ζz ζy(mode A)/ζy(mode B) Γy/Γz Γy(mode A)/Γy(mode B) 
























183 0.32  0.24  




377 1.79 6.67 0.17 0.61 
176 0.28  0.39  




436 1.63 7.19 0.14 0.31 
164 0.43  0.31  




















*The value is Γx(mode A)/Γx(mode B) 
Table 6.4.3 Comparisons between primary vortices and secondary vortices.  
 
 
Another important distinction between mode A and mode B instability is that 
the former is a long-wavelength mode whereas the latter is a short-wavelength one. In 
order to determine the spanwise wavelength of each mode accurately, autocorrelation 
has been applied. The calculation is based on the vorticity field and as with previous 
work, 40 sets of data were used to obtain a typical λ-value. This method of 
determining spanwise wavelength (λ) is more accurate than the magnified pictures 
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,   (6.4.1) 
where m×n is the mesh size used, φ(∆Z) is the autocorrelation coefficient at each 
discrete grid point.  
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 A typical autocorrelation distribution is shown in Figure 6.4.21. It is a 
symmetric shape with a predominant peak of 1 at ∆Z=0 and a few other local 
maximum points. The peak of φ(∆Z)=1 at ∆Z=0 has no physical significance. The next 
positive peak suggests that there is a locally strongest correlation between the original 
data and the modified data which has shifted by ∆Z along the Z direction. Therefore 
the ∆z that corresponds to this local maximum in φ is the typical spanwise wavelength 
λz. Figures 6.4.22 to 6.4.24 show the autocorrelation results for the transition wake at 
different angles of attack, and the wavelengths obtained for each case, together with 
results from different other sources are summarized in Table 6.4.4. The spanwise 
wavelength for the case of α=0º is in good agreement with the results of Robicuaux et. 
al. (1999). The spanwise wavelength for α=10º is larger than that of α=0º in mode A 
regime but smaller in the mode B regime. The mode A regime spanwise wavelength at 
α=45º is much smaller than those at α=0º and 10º (only 3.15 times of D), and the 
difference between mode A regime and mode B regime becomes smaller. 
 It can be seen that there is good agreement between present finding and related 
work done by other researchers using various different methods. Also from the present 
investigations, the spanwise wavelength at the mode B regime tends to decrease with 
an increase in Reynolds number. This is consistent with the observation of Wu et al 
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  Mode A Mode B1 Mode B2 





0.9-0.83(decrease with increase in 
Re) Literature 








α =0° 5.1±0.1 1.3±0.1 1.1±0.1 
α =10° 5.7±0.1 1.1±0.1 0.9±0.1 Current 
α =45º 3.2±0.1 1.5±0.1 1.1±0.1 
 
 Table 6.4.4. Spanwise wavelength for circular cylinder and square cylinder. 
  Note: 
1. Barkley & Herdenson (1996) Floquet analysis. 
2. Brede et. al. (1996) PIV. 
3. Wu et. al. (1994a) Flow Visualization. 
4.Williamson (1996b) Flow visualization. 
5.Robicuaux et. al. (1999) Floquet analysis. 









6.4.2 Discussions On the Origin of Secondary Instabilities  
 After analyzing the quantitative PIV data in the previous sections, some in-
depth discussion will be carried out in this section. The objective is to find out the 
origin of the different instability modes and their corresponding mechanisms.  
 Although a lot of data are available for the wake of a circular cylinder around 
the transition regime, the interpretations of the mechanism of amplification of 
instability modes have largely remained controversial. Williamson (1996a, 1996b, 
1996c) suggested that mode A instability is due to an elliptic core instability of the 
primary vortices, and the mode B instability is due to the instability of the braid region 
connecting adjacent primary vortices. However Brede et al. (1996) proposed that mode 
A instability is due to a centrifugal instability of the braid region between the primary 
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vortices, and mode B instability is the result of three-dimensional instability of the 
separated shear layers in the immediate wake of the cylinder.  
From the observation of Williamson, mode A is associated with a deformation 
of the primary vortices and the formation of upstream facing vortex loops while mode 
B involves the inception of small-scale streamwise vortex pairs with a spanwise 
spacing of about one cylinder diameter. Leweke & Williamson (1998) also suggested 
the direct connection between the wavelengths of mode A and B secondary vortices 
with the scales of the primary vortex cores and braid region, respectively. They pointed 
out that “The cores have a diameter δcore≈D, whereas the shear layer (vorticity) 
thickness is δbraid≈D/4.The ratio δcore/δbraid is surprisingly close to the ratio λA/λB of the 
spanwise wavelengths of the transition modes A and B. This suggests that there may 
be a connection between the two wake features and the three-dimensional instabilities 
leading to the two modes.”   
 At the same time, Brede et al. (1996) found that vortex sheets in the shape of 
“tongues” are pulled out of the primary vortices and wrapped around the succeeding 
one. Because the tongues are pulled out of the primary vortices, the sign of rotation is 
dependent on that of primary vortices, and thus the sense of the secondary vortices in 
the mode A regime will alternate every half a (primary) cycle. The secondary vortices 
of the mode B instability are simply connected over several Karman cycles, and not 
associated with the severe distortion of the primary vortices. The peak strength of the 
mode A vortices occurred at around 6 D downstream of the cylinder while that of 
mode B at around 2D downstream. According to those features, Brede et al. suggested 
that the mode B instability originates from the shear layer in the near wake. The self-
sustaining vortex loops described by Williamson (1996a) and the “tongue” depicted by 
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Brede et al. (1996) can be seen in Chapter 1, Figure 1.2.2 and Figure 1.2.4, 
respectively.  
 Although appearing to be different during the initial perception, both of the 
explanations for mode A instability proposed by the above two authors mentioned the 
importance of the braid region in the flow regime. This is consistent with the 
observation of Green & Gerrard (1993). This also can be seen from the flow 
visualization (Figures 5.2.1, 5.2.3 and 5.2.5): during the low-speed vortex shedding 
mode (laminar regime and part of mode A regime). It is noted that all the eddies are 
mutually connected by the trail streakline, which originates in the near wake. In 
contrast, the trail connecting the consecutive eddies is less visible in the high-speed 
vortex shedding mode (Figures 5.2.2, 5.2.4 and 5.2.6). Although the relations between 
streaklines and vorticity contours are very complicated, to some extent the streaklines 
plot can still reveal the position of the vortex centers. Indeed, Williamson (1996b) 
mentioned that the subsequent growth of vortex loops is due to a feedback mechanism 
from one primary vortex to the succeeding one. One can also recall a model proposed 
by Perry et al (1982) that describes the “multiple-folding” process of vortex sheets (see 
Figure 6.4.25). According to Perry et al., every eddy is ultimately interconnected with 
every other eddy. The two sets of vortex sheets interwine with each other. Indeed, 
Perry et al. wrote “Gerrard (1978) also observed this ‘multiple-folding’ phenomenon 
and referred it to as ‘fingers’. At Reynolds numbers beyond 140, he observed that 
these ‘fingers’ are sometimes absorbed into the vortices of opposing sign at the 
opposite side of the wake. The authors did not observe this at Reynolds number of 80 
and the ‘threading diagram’ shown in Figure 8 would be modified at higher Reynolds 
numbers.” As we have discussed in Chapter one, the ‘fingers’ referred to by Gerrard 
are in fact the streamwise vortex loops in the mode A regime. The vortex loops are 
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absent at Re=80, which is the case described by Perry et. al. Although back in 1982 the 
transition regime was less well understood, and the existence of mode A and mode B 
instabilities were not known, the model proposed by Perry et al. does suggest some 
important points: It shows the strong connection between eddies and the stretching of 
the braid region at low Reynolds number region, and some distortion of the 2-D wake 
might occur at certain Reynolds number.  
 From the above analysis, the mechanism of mode A instability becomes 
clearer. The elliptic core instability of the primary vortices (Williamson 1996b and 
1996c) or a centrifugal instability of the braid region (Brede et al. (1996)) theory alone 
may not completely explain the appearance of mode A instability. Instead, it is likely 
generated from the combination of the stretch effect of the braid region and the 
deformation of primary vortices. The evolution of mode A instability could be 
described in the following scenario (see Figure 6.4.26): When the Reynolds number 
reaches the first critical Reynolds number, there is some small waviness in the primary 
vortex cores along the spanwise (Z) direction at a certain distance downstream of the 
cylinder (Figure 6.4.26(a)). This causes the deformation in the vortex sheets around the 
braid region, and some streamwise vortices become visible (Figure 6.4.26 (b). Due to 
the feedback mechanism of the vortex sheets, that waviness originated in vortex A 
causes the deformation in the upstream (opposite rotation) vortex B (Figures 6.4.26 (c) 
and (d)). At the same time, the deformed primary vortex cores continue to move 
downstream. When the process continues, a series of vortex loops could be observed at 
certain fixed Z-locations (Figure 6.4.26s (d) and (e)). Because the effects of cross flow 
at this flow regime is not very strong (see Figure 6.2.20), the stretching of the vortex 
sheets is the dominant effect around the braid region and therefore the sense of the 
secondary vortices is dependent on that of primary vortices and will alternate over 
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every half a shedding cycle. In future work, DNS may be able to provide more 
information on how the initial disturbance is amplified.  
 For the mode B regime, the observation that the braid becomes diffused/less 
visible is the evidence of the strong effect of cross flow. This was illustrated in the 
previous chapter (Figures 5.2.4 and 5.2.6) and was associated with the so-called high-
speed shedding mode. Considering the strength of the secondary vortices peaking at 
2D downstream of the cylinder (for the case of circular cylinder), mode B instability is 
more likely to be connected with the shear layers that are separated from the cylinder. 
Also because the primary vortex cores become relatively isolated (less connections 
between cores by the braid region), the stretching effect of vortex sheets gives way to 
the interaction between different vortex rows which is caused by the strong cross flow 
(see Figure 6.2.20), and the feedback mechanism which occurs in the mode A regime 
to sustain the formation of vortex loops becomes less important. As corroborated by 
the results of flow visualization (See Figures 5.3.8), the “imprint” process described in 
Williamson (1996b) is the reason why the secondary vortices have the in-phase 
symmetry. That is, at a certain Z-coordinate, the sense of secondary vortices will 
remain the same over shedding cycles. By combining the above information, the 
development of the mode B instability could be described as follows: Initially, the 
disturbance is generated in the shear layers (see Figure 6.4.27 (b)), and secondary 
vortices are formed in the braid region A in the immediate wake. Due to the strong 
interaction between vortex rows around the closing points of the re-circulation region 
(1.5 D to 2 D downstream of the cylinder, depending on Reynolds numbers), by the 
“imprinting effects”, secondary vortices with the same sign were generated in the braid 
region B (Figure 6.4.27 (c)). As a result the sense of rotation of secondary vortices in 
the two braid regions are the same (in-phase) (see Figure 6.4.27 (d)). The secondary 
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vortices eventually move downstream with the convection effect of primary vortices, 
and decay in strength as they do so.  
 
 
6.5 Concluding Remarks For This Chapter 
 In this chapter, PIV technique is applied to study the primary vortical structures 
in the X-Y plane at Z=0, and the secondary vortices in the X-Z plane at Y=0.  
First, despite the quantitative difference in the measured data, the present 
investigation suggests that the transition process of a square cylinder (at different 
incidences) is very similar to that of a circular cylinder wake. A long-wavelength 
instability (mode A) and a short-wavelength instability (mode B) are proven to exist. It 
was found that the cross flow in the wake region is much stronger in the mode B 
regime when compared to the mode A regime (in terms of “penetrating” velocity (Vp)). 
This suggests that the in-phase symmetry of the mode B instability is the result of this 
strong interaction between the vortex rows.  
It also observed that although the intensity of secondary vortices (peak value of 
vorticity) is smaller in the mode A regime, its strength (circulation of vortex) is more 
than twice of those in the mode B regime. Compared to the primary vortices, the 
strength of both the mode A and mode B instability are much smaller. On the other 
hand, while the intensity of secondary vortices in the mode A regime is smaller than 
those of primary vortices, in the mode B instability regime they are larger than those of 
the primary vortices. From the current investigation, mode A instability is likely to be 
due to the interaction of the stretching of vortex sheets in the braid region and the 
deformation of primary vortex cores (which Williamson had suggested to be due to an 
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elliptic core instability of the primary vortices). Mode B instability, however 
originated in the shear layers and is due to the strong interaction between vortex rows. 
Out-of-phase and in-phase symmetry were observed in the mode A and mode B 























































Figure 6.2.1 The variation of cross flow velocity with time at 1D and 2D 
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Figure 6.2.3 The variation of cross flow velocity with time at 1D and 







































































































































































































































/  X/D 
X/D X/D 
/  X/D 
   CHAPTER SIX: PIV MEASUREMENTS 
 160
 
Figure 6.2.5 The variation of cross flow velocity with time at 1D and 
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Figure 6.2.7 The variation of cross flow velocity with time at 1D and 
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Figure 6.2.17 The maximum “influencing” cross flow velocity 




Figure 6.2.18 The maximum “influencing” cross flow velocity 
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Figure 6.2.19 The maximum “penetrating” cross flow velocity 





Figure 6.2.20 The maximum “penetrating” cross flow velocity 
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Figure 6.2.24 Plot of circular cylinder base suction coefficients (-Cpb) over a 
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Figure 6.3.2 The definitions of spatial parameters. 
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Figure 6.3.4 The convection of von Karman vortices (X/D versus non-


























































Figure 6.3.5 The relations between vortex contour and steamline 
patterns (In Figure (c), convection velocity of the vortices is 






























































































































































































































































Figure 6.4.1 The secondary vortices can be observed both in X-Z plane 
















































Figure 6.4.2 Instantaneous streamline and vorticity contour of 






























































Figure 6.4.3 Instantaneous streamline and vorticity contour of 





























































Figure 6.4.4 Instantaneous streamline and vorticity contour of 



























































Figure 6.4.5 Instantaneous streamline and vorticity contour of 






































































Figure 6.4.6 Instantaneous streamline and vorticity contour of 


























































Figure 6.4.7 Instantaneous streamline and vorticity contour of 
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Figure 6.4.8 Instantaneous streamline and vorticity contour of 
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Figure 6.4.9 Instantaneous streamline and vorticity contour of 
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Figure 6.4.10 Instantaneous streamline and vorticity contour of 



















































Figure 6.4.11 The relation between the sign of vorticity and sense of rotation of 
longitudinal vortices in the X-Z plane at Y=0.  
(a) Mode A instability 
(b) Mode B instability 
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Figure 6.4.12 Variation of peak value of longitudinal vorticity at 
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Figure 6.4.13 Variation of circulation of longitudinal vortices at 
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Figure 6.4.14 Variation of peak value of longitudinal vorticity at 
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Figure 6.4.15 Variation of circulation of longitudinal vortices at 
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Figure 6.4.16 Variation of peak value of longitudinal vorticity at 
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Figure 6.4.17 Variation of circulation of longitudinal vortices at 
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Figure 6.4.18 The comparison of vorticity and circulation between 





Figure 6.4.19 The comparison of vorticity and circulation between 












































Figure 6.4.20 The comparison of vorticity and circulation between 
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Figure 6.4.25 Schematic ‘threading diagram’ of vortex sheet in a von 
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7.1 Summary and Conclusions 
The present research on flow past a square cylinder at moderate Reynolds 
numbers consists of three main parts. They are: (1) Hot film anemometry measurements 
which identified the critical Reynolds numbers and generated certain wake characteristics 
data. (2) Flow visualization which revealed the structures of secondary vortices. (3) PIV 
measurements of the primary and secondary vortices. Through these investigations, a 
better understanding about the wake of a square cylinder was obtained and the 
similarities of the transition processes in the wakes of square and circular cylinders were 
demonstrated. 
The hot film anemometry measurements on the S-Re relation identified the 
critical Reynolds numbers for the wake of square cylinder at different angles of attack. 
The critical Reynolds numbers (Rec1 and Rec2) mark the inception of mode A and mode B 
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instabilities respectively and correspond to the points of discontinuity in the S-Re curves.  
It can be seen that with the increase of angle of attack (α), Rec1 increases from 160 (at 
α=0°) to 165 (at α=5°), 166 (at 6°) and 167 (at α=10°). Thereafter the magnitude of Rec1 
decreases with further increase in α and reaches a minimum of 127 at α=45°. Rec2 is 
around 204 ± 5 at α=0° and the trend of the variation of Rec2 with α is similar to that of 
Rec1. Besides the existence of the two discontinuities in the S-Re curves, the spectra and 
time traces of the wake streamwise velocity display three distinct patterns in the three 
different flow regimes. 
The existence of mode A and mode B instabilities at three different angles of 
attack were identified by releasing ordinary dye into flow. Streamwise vortices with 
different wavelength at various Reynolds numbers were observed. At the same time by 
using Laser-induced-fluorescent (LIF) dye, the symmetries and evolution of the 
secondary vortices at α=0° were explored. It was found that just like the case of circular 
cylinder,  the secondary vortices from the top and bottom rows are out-of-phase with 
each other in the mode A regime, but in-phase with each other in the mode B regime. 
Also, from the flow visualization, it was qualitatively proven that there is stronger 
interaction between the two braid regions in the mode B regime.  
  Analysis of PIV measurements indicates a stronger wake cross flow in the mode 
B regime when compared to the mode A regime. It suggests that the in-phase symmetry 
of the mode B streamwise vortices is the result of the interaction between the top and 
bottom vortex rows. It was also observed that although the intensity of the streamwise 
vortices (peak value of vorticity) is smaller in the mode A regime, the strength 
(circulation of vortex) of the mode A streamwise vortices is more than twice that of the 
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mode B streamwise vortices. Compared to primary vortices, the strength of both mode A 
and mode B streamwise vortices are much smaller which indicates that the secondary 
vortices may be part of the primary vortices and originated from them, which had 
previously been suggested by Wu et al. (1994b) for a circular cylinder wake. As for the 
intensity of secondary vortices, while the secondary vortices in the mode A regime have 
intensity smaller than that of primary vortices, the mode B secondary vortices actually 
have larger intensity than the primary vortices. Besides these differences, the wavelength 
of the streamwise vortices in the mode A regime is larger than that of the mode B regime. 
For example, from the present measurements and at α=0°, in the mode A regime the 
spanwise wavelength (λz) is about 5.12 times of the projected width of the cylinder and 
λz is only about 1.2 D in the mode B regime.   
From the present investigation, mode A instability is likely to be caused by the 
joint-effects of the deformation of primary vortex cores and the stretching of vortex 
sheets in the braid region. On the other hand, mode B instability was thought to originate 
from the shear layers.  
   
 
7.2 Recommendations for Further Studies 
The results of the present study give rise to several questions, which require 
further investigation. 
The simultaneous measurements of hot film anemometer and PIV, as well as the 
flow visualization would explain the relationships between the presence or absence of 
“glitches” and the streamwise velocity and the wavelength of secondary vortices in 
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different Reynolds number regimes, thus allowing us to further verify the method of 
detecting critical Reynolds numbers through S-Re curve measurement. 
For PIV measurements, the secondary vortices obtained from X-Y planes could 
provide the necessary information for the space-time re-construction of the streamwise 
vortices (as done by Brede et al (1996)). Through this process, the existence of mode S in 
the wake of a square cylinder proposed by Robichaux et al (1999) could be further 
investigated.  
Lastly, a carefully carried out DNS investigation might provide some information 
on how the streamwise vortices evolve and grow from small disturbances, thus providing 
some direct explanations to the origin of the secondary instabilities. 
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